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Abstract

Constant technology advances have caused data explosion in recent years. Accord-
ingly modern statistical and machine learning methods must be adapted to deal with
complex and heterogeneous data types. This phenomenon is particularly true for an-
alyzing biological data. For example DNA sequence data can be viewed as categorical
variables with each nucleotide taking four different categories. The gene expression
data, depending on the quantitative technology, could be continuous numbers or
counts. With the advancement of high-throughput technology, the abundance of
such data becomes unprecedentedly rich. Therefore efficient statistical approaches
are crucial in this big data era.

Previous statistical methods for big data often aim to find low dimensional struc-
tures in the observed data. For example in a factor analysis model a latent Gaussian
distributed multivariate vector is assumed. With this assumption a factor model
produces a low rank estimation of the covariance of the observed variables. Another
example is the latent Dirichlet allocation model for documents. The mixture pro-
portions of topics, represented by a Dirichlet distributed variable, is assumed. This
dissertation proposes several novel extensions to the previous statistical methods that
are developed to address challenges in big data. Those novel methods are applied
in multiple real world applications including construction of condition specific gene
co-expression networks, estimating shared topics among newsgroups, analysis of pro-

moter sequences, analysis of political-economics risk data and estimating population
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structure from genotype data.
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1

Introduction

Constant technology advances have induced data explosion in recent years. This phe-
nomenon is particularly pronounced in biology. Such a big data era comes with the
strong needs of efficient and scalable statistical approaches to extract useful informa-
tion from massive data sets. This dissertation addresses several important practical
problems by developing theoretically supported and computationally efficient mod-
els. The practical potential of the developed models are demonstrated by real world
applications.

Chapter 2 will develop a new Bayesian factor model for multiple coupled obser-
vations. This model is named BASS. BASS is motivated by the fact that in real
world applications, people often encounter paired or multiple coupled observations.
For example expression profiles of a number of genes for a particular individual are
measured under different conditions. Researchers are particularly interested in the
covariance specific to each observation as well as the covariance among different
combinations of observations. Built on the latest innovations in Bayesian shrink-
age priors, a structured prior that combines element-wise sparsity with column-wise

sparsity on the factor loading matrix is developed. In addition the prior allows



mixture of sparse and dense columns in the loading, generating sparse + low rank
decompositions of the covariance matrix. To efficiently perform maximum a posteri-
ori (MAP) parameter estimation, a parameter expanded expectation maximization
(PX-EM) algorithm is proposed. The PX-EM algorithm introduces an additional ro-
tation parameter into the factor model. The additional rotation parameter connects
posterior modes in the original space by equal likelihood curves in the expanded
space, therefore it facilitates efficient posterior mode search. The performance of
BASS is evaluated by comparisons with other existing methods through simulation
studies. Results suggest BASS achieves best parameter estimation and prediction
accuracy in most cases. In the end BASS is applied to real data sets with the aim of
multivariate response prediction, constructing condition specific gene co-expression
networks and inferring topics that are shared by different newsgroups.

Chapter 3 will propose a new model, called generalized latent Dirichlet variable
model. Such a model assumes each multivariate observation partially belongs to k
latent components. Moreover different coordinates of the observation could take dif-
ferent distributions. Previous parameter estimation methods for such a model have
relied on EM or Markov chain Monte Carlo (MCMC) algorithms with initiations of
latent variables. To perform parameter estimation efficiently a generalized methods
of moment (GMM) approach is developed to estimate component parameters of the
model. The new approach does not require initiations of latent variables. This is
achieved by constructing moment functions from second and third order cross mo-
ments among variables. The moment functions have expectation of zero at true
values of parameters. By minimizing quadratic forms of the moment functions pa-
rameters could be estimated using a coordinate descent algorithm. Using GMM
theories the asymptotic properties and efficiency of the estimator are shown. We
name the new approach MELD. MELD is orders of magnitude faster than alterna-
tive estimation methods such as EM or MCMC algorithms, and at the same time it
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achieves higher estimation accuracy. The performance of MELD is evaluated by com-
parisons with competing methods through simulation studies. To demonstrate the
utility of MELD in real world applications we apply it to public available data sets
including a promoter sequence data, a political-economic risk data and a genotype
+ gene expression data in human HapMap phase 3 data set.

Chapter 4 will develop a sampling method for distributions on Riemannian man-
ifolds. One example of such distributions is the Bingham-von Mises-Fisher (BMF)
distribution. The distribution is defined on the Stiefel manifold consisting of p x k
orthonormal matrices. This distribution has been frequently encountered in prob-
lems such as orthogonal factor analysis and probabilistic singular value decompo-
sition (SVD). Motivated by those problems, an efficient Monte Carlo method that
could draw samples from those distributions is developed. The method combines the
Hamiltonian Monte Carlo (HMC) algorithm with a geodesic integrator. The utility
of the new method is demonstrated in two applications.

Chapter 5 will give a concluding remark.



2

BASS - a scalable Bayesian group factor analysis
model for structured latent space learning

Linear dimension reduction techniques play a very important role in modern data
analysis. The basic idea of linear dimension reduction is to find a lower dimensional
latent space that useful information in the original space can be kept. Examples
of such techniques include principal component analysis (PCA) (Hotelling, 1933),
factor analysis (FA) (Spearman, 1904) and canonical correlation analysis (CCA)
(Hotelling, 1936). A comprehensive and elegant review can be found in (Cunningham
and Ghahramani, 2014). In this chapter we investigate a new FA model called group
factor analysis (GFA) model which can combinatorially model multiple data sets
and can learn a latent space that is structured in a desirable way. This is achieved
from the latest developments in Bayesian literature using sparsity inducing priors.
The rest of this chapter is organized as follows. We introduce GFA in Section 2.1.
In Section 2.2 we review recent strategies, mainly from Bayesian point of view, to
structure the latent space. We also give a brief review about recent innovations in

Bayesian shrinkage priors. In Section 2.3 we combine GFA with a particular Bayesian



shrinkage prior and develop a new Bayesian GFA model. The new model is called
BASS standing for Bayesian group Analysis with Structured Sparsity. In Section
2.4 we propose a fast and accurate parameter estimation method with parameter
expansion. Simulations and applications are demonstrated in Section 2.5 and 2.6

respectively. We conclude this chapter by a discussion in Section 2.7.

2.1 Group factor analysis

2.1.1 Factor analysis

Before we come to the group factor analysis model, we first introduce factor analysis.
A FA model finds a low dimensional latent variable &; € R¥*! from a high dimensional
observation y; € RP*! for subject 4 with ¢ = 1,...,n. Usually it is assumed the
dimension of y; is larger than the dimension of x;. A sample in the low dimensional
space is linearly projected to the original high dimensional space through a loading

matric A € RP**. The observation 3; is assumed to be a noisy version of the

projection, with the noise denoted as €; € RP*!. Formally the factor model could be
written as

yi = Ax; + €, (2.1)
for i =1,...,n. In a standard FA model, x; is assumed to follow a N (0, I) distri-

bution and €; ~ N,(0, X), where X is a p x p diagonal covariance matrix with 032- for
j =1,...,p on the diagonal. We have assumed the y; is centered in this case. The
model can be easily extended to non-centered case where we first provide a sample
estimate of the mean and then subtract the mean from y;. The resulting centered
observations could be modeled by (2.1). Integrating over the factor x;, the model
produces a low-rank (in the sense of the loading matrix) estimation of the covariance
matrix of y;

k
Q=AAT+2 =) XA} + 3, (2.2)
h=1



where A, is the hth column of A. This factorization suggests that each factor sep-
arately contributes to the covariance of the observation through its corresponding
loading. Traditional exploratory data analysis methods such as principle component
analysis (PCA) (Hotelling, 1933), independent component analysis (ICA) (Comon,
1994), and canonical correlation analysis (CCA) (Hotelling, 1936) all have interpre-
tations as a FA model.

The parameter estimation in FA is usually conducted using expectation max-
imization (EM) (Dempster et al., 1977) or Markov chain Monte Carlo (MCMC)
algorithms. In either way all the information for parameter estimation is coming

from the sample covariance matrix
S = n ;yiy,- .

This result in fact reflects that S is the sufficient statistic for €2. In the n < p case,
it is important to include regularization on the covariance matrix estimation due
to sample covariance is singular. In the context of FA, this can be transferred to
assigning regularization on the loading matrix, generating sparse structures in A.
For example, element-wise sparsity in the loading corresponds to wvariable selection.
This achieves the effect that a latent factor contributes to the variation of a subset of
the observed variables, generating interpretable results (West, 2003; Carvalho et al.,
2008; Knowles and Ghahramani, 2011). For example, in gene expression analysis,
sparse factor loadings are interpreted as clusters of genes and are used to identify
sets of co-regulated genes (Pournara and Wernisch, 2007; Lucas et al., 2010; Gao
et al., 2013).

2.1.2 FExtension to paired vectors

Factor model (2.1) provides a covariance estimation for single random vector y;.

However in real world applications there are common cases that paired random vec-
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(1)

tors or coupled multiple vectors are observed. Let y; 7, . .. yl(m) denote the m coupled
vectors for the ¢th subject. For example, consider the case where gene expression
profiles under m different conditions are measured. Each condition characterizes a
n repeated measurements of a random vector, and researchers are interested in the
covariance specific to each condition as well as the covariance among different combi-

nations of conditions. Another example is that m different sections of n documents

are observed. We let the matrix Y () = (yY}), o ,yq(f)) denote the n independent
subjects under condition v with v = 1,...,m. Y is known as a view.
When m = 2, canonical correlation analysis (CCA) identifies a linear latent

space and projections (canonical directions) for which the correlations between the
two views are mutually maximized (Hotelling, 1936). CCA has a probabilistic inter-

pretation as a factor model by assuming a common latent factor x; € R**! for both

y" and y® (Bach and Jordan, 2005)
yfl) = AWz, + egl),

yi@) = Az, + egz). (2.3)

The errors are distributed as e!”) ~ N, (0, ") and e!” ~ N,,,(0, ¥®), where ¥®
and W are positive semi-definite matrices. The model does not restrict ™) and
¥ to be diagonal, allowing dependencies among residual errors within a view. The
maximum likelihood estimators of the loading matrices, A and A®, are the first
k canonical directions up to linear transformations (Bach and Jordan, 2005).
Building on the probabilistic CCA model, a Bayesian CCA (BCCA) model is

proposed by Klami et al. (2013). BCCA model assumes
yzm = A(l)mgo) + B(l)wgl) + e

]

y® = APz | BOg® | (@ (2.4)

7 )

with 2”0 € Rboxt 1) ¢ Rkx1 and £® € R**1 (Figure 2.1B). The latent vector
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FIGURE 2.1: Graphical representations of different latent factor models. Panel
A: Factor analysis model. Panel B: Bayesian canonical correlation analysis model
(BCCA). Panel C: An extension of BCCA model to multiple views. Panel D:

Bayesian group factor analysis model studied in current chapter.

:1:50) is shared by both yz-(l) and yi@), and it captures their common variation through

(1)

i

2
and a:l( ), are

loading matrices A® and A®. Two additional latent vectors, @
specific to each view; they are multiplied by view specific loading matrices B™
and B®@ respectively. The two residual error terms are egl) ~ N, (0,=M) and
€? ~ N,,(0,2®), where £ and £ are two diagonal matrices. This model was
originally called inter-battery factor analysis (IBFA) (Browne, 1979) and recently has
been studied under a full Bayesian inference framework (Klami et al., 2013). It can be
viewed as a probabilistic CCA model (2.3) with an additional low rank factorization
of the error covariance matrices. In fact, we re-write the residual error term specific
to view v (v = 1,2) from the probabilistic CCA model (2.3) as egv) = B(”)azgv) + egv),
then marginally e!”) ~ N, (0, ¥®) with &) = B®)(B®M)T 4 ),

Klami et al. (2013) re-write (2.4) as a factor analysis model with group-wise

sparsity in the loading matrix. Let y; € RP*! with p = p; + p» be the vertical
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concatenation of ygl) and yz-(2); let ; € R with k = ko + k1 + ko be vertical

concatenation of :cgo), 2V and ?; and let €; € RP*! be vertical concatenation of

7 7 )

the two residual errors. Then, the BCCA model in (2.4) can be written as a factor

analysis model

Y, = A.’II@ + €;,

with €; ~ N,(0,3), where

1 g
A:(A B 0)’22

> 0
A® o0 B (0 2(2)>' (2.5)

The structure in the loading matrix A has a specific meaning. The non-zero columns
(those in AM and A®) project the shared latent factors (i.e., the first ko in ;) to
yi(l) and yz@ respectively. These latent factors represent the covariance across the
two views. The columns with zero blocks (those in (B™;0) or (0; B®)) relate rest
factors to only one of the two views. Those factors are used to model covariance

specific to one view. Under this model, the structure of A could be fixed a priori,

and the inference problem is to estimate the entries in the non-zero blocks of A.
2.1.3 Multiple coupled vectors

The extensions of the BCCA/IBFA model to allow multiple views (m > 2) have
been developed recently. Examples include McDonald (1970); Browne (1980); Ar-
chambeau and Bach (2009); Qu and Chen (2011); Ray et al. (2014). Those extensions

partition latent variables to shared and view specific ones through following equation

y = AW L BOZY L€ for v =1, m. (2.6)

(

By vertical concatenation of ", @\") and €\, this model can be viewed as a latent

factor model with the joint loading matrix A having a group-wise sparsity pattern



similar as in the BCCA/IBFA model

AL BO 0
A® 0 0

A= , (2.7)
A 0 B

Here, the first column of blocks (A®) is a non-zero loading matrix across all views,
and the remaining columns have a block diagonal structure with view-specific loading
matrices (B®) on the diagonal. However, those extensions are limited by the strict
diagonal structure of the loading matrix. Structuring the loading matrix in this
way prevents the model from capturing covariance among arbitrary combinations of
views.

The structure of A in (2.7) has been relaxed to model covariance among combi-

nations of views (Jia et al., 2010; Virtanen et al., 2012; Klami et al., 2014a). In the
(v)

relaxed formulation, each view y;" is modeled by its own loading matrix A®) and a

latent vector @;, and this latent vector x; is shared by all views (Figure 2.1D)

ygv) — AWg; + e for w= L...,m. (2:8)

)

By allowing columns in A®) to be zero, the model decouples certain latent factors
from certain views, achieving view selection. The covariance structure of an arbitrary
combination of views is modeled by factors with non-zero loadings corresponding to
the views in that combination. Factors that correspond to non-zero entries for only
one view capture covariance specific to that view. The model in (2.8) is named group

factor analysis (GFA) model (Virtanen et al., 2012).
2.2 Structures in the loading

The loading matrix A plays an important role in previous FA models and their ex-
tensions. As mentioned before, element-wise sparsity in loadings achieves variable

10



selection and generates interpretable results. When dealing with multiple views,
group-wise sparsity decouples views from latent factors, achieving view selection.
Imposing different levels of sparsity has been investigated through different strate-
gies under various contexts, both using classical penalization or Bayesian shrinkage
priors. For classical penalization, the elastic net (Zou and Hastie, 2005) and group
Lasso (Yuan and Lin, 2006) penalties have been featured in regression models. Mixed
matrix norms with /; norm penalizing each column and either /5 or £, norms penaliz-
ing the elements have been used in GFA context (Jia et al., 2010). More sophisticated
structured penalties have been studied. Examples include Kowalski and Torrésani
(2009), Jenatton et al. (2011) and Huang et al. (2011) among others. In this thesis

we focus on the approach using Bayesian methods.
2.2.1 Spike and slab prior in factor analysis

A classic Bayesian approach to variable selection is to develop a two-component
mixture prior, termed spike-and-slab prior, for the variables of interests (Mitchell
and Beauchamp, 1988; West, 2003; Carvalho et al., 2008). The spike component
corresponds to a probability mass at zero, and the slab component corresponds to a
relatively diffuse prior on the parameter space. The spike component also has been
formulated as a normal with a small variance. See George and McCulloch (1993) and
Rockova and George (2014) for example. This prior has an elegant interpretability
by estimating the probability that certain variables are excluded, modeled by the
spike component or included, modeled by the slab component.

In the FA context, West (2003) develops a spike-and-slab prior on every element
of the loading matrix, with mixture weight being shared cross the loading. Let Aj;,
denote the entry of jth row and Ath column in the loading matrix A, the prior

assumes
AT, Th ~ (1 = m3)60(-) + mN(0, 75). (2.9)

11



When p is large, we hope this prior could generate a large amount of zeros in the hAth
loading, therefore the hyper-prior of 7, should have substantial mass around zero.
Lucas et al. (2006) and Carvalho et al. (2008) extend this idea to allow each loading
element has its own mixture weight, and the mixture weights in a loading is assumed

to share a common population beta distribution

)\jh’7rjha Th ~ (1 — ’/Tjh)(S()(') + thN(O, Th>. (210)

Allowing each loading entry to have its own mixture weight 7 could overcome some
limitations of the prior in equation (2.9): The strong informative prior assigned to
7, in equation (2.9) could lead the posterior of \;j, being zero to be diffuse across the
unit interval, therefore generating a large variance (Carvalho et al., 2008). Allowing
Ajn to have its own mixture weight overcomes this limitation. It is possible that the
entry specific weight 7, — 0, effectively setting Aj; to zero. This new prior controls
the sparsity level of a loading and allows elements to borrow information within a
loading. This idea is quite related to our GFA model in Section 2.3. Moreover, non-
parametric methods like Indian buffet process (IBP) have been used to model the
inclusion/exclusion of loading elements (Knowles and Ghahramani, 2011). Using
nonparametric methods generates a conceptually infinite number of latent factors
which allows the model itself to determine the dimension of latent space. However
parameter estimations in those approaches often rely on Gibbs sampling methods
which construct a Markov chain that performs stochastic search in an exponentially
increasing configuration space (George and McCulloch, 1993). Recently an EM algo-
rithm has been proposed to find posterior modes under the specification of the spike
component being a tight normal in a linear regression model (Rockova and George,
2014). The approach allows fast parameter estimation and variable selection can be

generated by posterior thresholding rules.
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2.2.2  Continuous shrinkage priors

Recently, scale mixtures of normal priors have been proposed as a computationally
efficient alternative to the two component spike-and-slab prior (West, 1987; Carvalho
et al., 2010; Polson and Scott, 2011; Armagan et al., 2011, 2013; Bhattacharya et al.,
2015). A prior of such kind generally assumes a normal distribution with a mixed
variance term. The mixing distribution of the variance determines the behavior of
the prior. In some sense those priors could be viewed as extending the previous
two components mixture to an infinite mixture of normals. Marginalizing over the
variance, we would expect such priors have substantial probability mass around zero,
which pushes small effects toward zero, and heavy tails, which allow large signals to
escape from substantial shrinkage. For example, the inverse-gamma distribution on
the variance term results in an automatic relevance determination (ARD) prior (Tip-
ping, 2001). An exponential distribution on the variance term results in a Laplace
prior (Park and Casella, 2008). The horseshoe prior, with a half Cauchy distribution
on the standard deviation as the mixing distribution, has become popular due to its
strong shrinkage around the origin and heavy tails (Carvalho et al., 2010). More
general classes of priors including generalized beta mixtures of normals and double
Pareto priors have been developed recently (Armagan et al., 2011, 2013). See Table
2.1 for a brief summary. More details can be found in the corresponding references.
These various continuous shrinkage priors provide a one group answer to the original
two groups question (Polson and Scott, 2011). Although such an answer can not
provide an estimation of variable inclusion probability, it has many intriguing ad-
vantages as discussed by various researchers. See Polson and Scott (2011), Carvalho
et al. (2010) and Bhattacharya et al. (2015) among others. For example, maximum
a posteriori (MAP) estimator could provide exact zeros in the variables of inter-

est, and continuous priors avoid to construct a Markov chain that has exponentially
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Table 2.1: A brief summary of Bayesian shrinkage priors. More details can be found
in Polson and Scott (2011) and references therein.

Name Prior for 0; Mixing density
ARD 6;|m; ~ N(0,75) 7' ~ Ga(a,b), small a and b
Laplace 6;|m; ~ N(0,75) 7; ~ Exp(A\?/2)
Strawderman _
Berger 0;lp; ~ N(0,p; " — 1) p; ~ Be(1/2,1)
0|5 ~ N(0, TJ) 7"1/2 C*(0 ¢1/2) ¢ = 1, standard
Horseshoe (9 ilpj ~ N(0,p;" — 1) pj ~ p1/2(1 — pj)'? m
0;17; ~ N(0, n) 7~ Ga(1/2, ), A ~ Ga(1/2, ¢)
Generalized — 0; ~ 1/(26)(1 + |7j|/a&) (@)
double Pareto  6;|7; ~ N(0,7;) 7 ~ Exp(A3/2), A; ~ Ga(a,n)

increasing number of parameter configurations.

In the FA context, Bhattacharya and Dunson (2011) propose an infinite factor
model using a multiplicative gamma process shrinkage prior on the loading matrix.
The variance of the loading element is composed by a product of a global shrinkage
parameter specified for each loading and a local shrinkage parameter for that element.
This structure is similar to the global/local shrinkage discussed in linear regression
contexts (Polson and Scott, 2011) and is conceptually related to the spike-and-slab
prior developed by Carvalho et al. (2008) in terms of allowing loading element to
have its own shrinkage parameter. One distinct feature of the multiplicative gamma
process prior is it generates the effect that loadings are shrunk more heavily as their
column indices increasing. With the size of latent space growing, the factors become
less important in contributing to the covariance (see (2.2)) therefore can be deleted
in downstream analysis. Gao et al. (2013) use another prior called three parameter
beta (TPB) prior in FA context. Their prior is equivalent to the horseshoe prior
formulated in a hierarchy with three levels. The hierarchy introduces three levels of

shrinkage. We are going to introduce the prior in next section in detail and use the
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TPB(0.5, 0.5, v)

0.01

100

FIGURE 2.2: Density of three parameter beta (TPB) distribution with a = b = 1/2
with different values of v.

prior in the GFA context.
2.3 A new Bayesian group factor analysis model

The three parameter beta (TPB) distribution for a random variable 0 < Z < 1 has

the following density (Armagan et al., 2011)

['(a+0) b b1

— z)e ! v —1)z]"(@t0) )
o g L =D, @)

f(zia,b,v) =

where a > 0,0 > 0 and ¢ > 0. We denote this distribution as TPB(a,b,v). When
0 <a<1and 0 < b < 1, the distribution is bimodal, with two modes at 0 and
1 respectively. When a = b = 1/2, this prior becomes the class of horseshoe priors
studied by Carvalho et al. (2010). We call v the variance parameter. With fixed a
and b, smaller values of v put greater probability on z = 1, while larger values of v
move the probability mass towards z = 0 (Armagan et al., 2011) (Figure 2.2). With
v = 1, this distribution becomes a beta distribution Be(b, a).

Let A denote the parameter to which we are performing variable selection. We

assign the following TPB normal (TPBN) scale mixture prior to A

Al ~N(0,1/p —1), with ¢ ~ TPB(a, b, v),
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where the shrinkage parameter ¢ follows a TPB distribution. With a = b = 1/2 and
v = 1 above prior becomes the second formulation of the standard horseshoe prior
in Table 2.1. The bimodal property of ¢ induces two distinct shrinkage behaviors.
The mode near one encourages 1/¢ — 1 towards zero and induces strong shrinkage on
A. The mode near zero encourages 1/¢ — 1 towards infinity and generates a diffuse
prior. Further decreasing the variance parameter v puts more support on stronger
shrinkage (Armagan et al., 2011). If we let # = 1/ — 1, then this mixture prior has

the following hierarchical representation

A ~N(0,0), 6~ Ga(a,0), 0~ Ga(b,v).

In previous work, Gao et al. (2013) extend the prior to three levels of a hierarchical

structure and apply it to a FA model. The three levels are formularized as
o~ TPB(1/2,1/2,v), Level 1
¢, ~ TPB(1/2,1/2,1/0 — 1), Level 2
win ~ TPB(1/2,1/2,1/¢, — 1), Level 3

Ajn ~ N(0, 1/, — 1). (2.12)

At each of the three levels, a TPB distribution with horseshoe parameterization is
used to induce shrinkage with its own variance parameter (v in (2.11)), which has a
further TPB distribution on previous hierarchy. We set the variance parameter in the
first level to 1, generating a standard horseshoe prior in the first level. Specifically,
in the first level the shrinkage parameter o applies horseshoe shrinkage across all
columns of the loading matrix, and jointly adjusts the support of (j, at either zero or
one. This can be interpreted as inducing sufficient shrinkage across loading columns
to identify the number of factors supported by the observed data. In particular,
when (j, is close to one, all elements in the loading are zero, inducing column-wise

shrinkage. The shrinkage parameter (}, in second level adjusts the shrinkage applied
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to each element of the hth loading, estimating the column-wise shrinkage by borrow-
ing strength across all elements in that loading. The last shrinkage parameter ¢;y,
creates element-wise sparsity in the loading matrix through a TPBN.

The three levels are further extended to jointly model sparse and dense compo-
nents (Gao et al., 2013). This is achieved by assigning a two component mixture to

the third level shrinkage parameter

ojn ~m-TPB(1/2,1/2,1/¢, — 1) + (1 —m) - ¢, (+), (2.13)

where &, () is the Dirac delta function concentrated at (. The effect of the two
component mixture is that the local shrinkage parameter ¢, in (2.12) could select
between the third level or the second level. When it is from the second level, in which
case @ = (p, the elements in the hth loading follows a shared normal prior A;, ~
N(0,1/¢,—1). Depending on the shrinkage parameter (j, two effects will be generated
for the hth loading. When ¢, is close to zero, the whole loading is assigned a diffuse
normal prior and with probability one no elements will become zero. In contrast,
when (, is close to one, elements in that loading are heavily pushed toward zero,
generating column-wise sparsity. We call factors corresponding to such loadings dense
factors. The motivation is that, in applications such as the analysis of gene expression
data, it has been shown that much of the variation in the observation is due to
technical (e.g., batch) or biological effects (e.g., sex, ethnicity), which impact a large
number of genes (Leek et al., 2010). Therefore, the loadings corresponding to these
effects will not be sparse. Equation (2.13) allows the local sparsity on the loading
to select between element-wise sparsity or column-wise sparsity. Jointly modeling
sparse and dense factors combines the idea of low-rank covariance estimation with
interpretability of factors (Zou et al., 2006; Parkhomenko et al., 2009). Those dense
factors capture the low-rank approximation of the covariance matrix. They usually

explain a large proportion of variance in the model. The sparse factors describe
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the impulse signals in observations and facilitate the interpretation of latent factors
(Chandrasekaran et al., 2011).

Using the third formulation of the horseshoe prior in Table 2.1, we write 2.12 as
v~ Ga(1/2,v), n ~ Ga(1/2,7),
 ~ Ga(1/2,n), on ~ Ga(1/2,1,),
din ~ Ga(1/2, ¢n), 05 ~ Ga(1/2,6;5),

Ajn ~ N(0,0;4), (2.14)

with sparse/dense mixture

Oin ~ - Ga(1/2,8;) + (1 —7) - 65, (). (2.15)

We assign the prior in (2.14) and (2.15) to the view specific loading A*) in (2.8) to
develop a new GFA model. We call our model BASS standing for Bayesian group

factor Analysis with Structured Sparsity. We summarize BASS as follows. The
(v)

generative model for m coupled views y,; ’ is
(v)

Y = AW g, + €Y

7

for v=1,....m,i=1,...,n.

We re-write this model as a factor model by concatenating the m vectors for subject

1 into vector y;

y; = Ax; + €;, with x; ~ N(0,1I), and €; ~ N,(0,3), (2.16)
where 3 = diag(o?,- - ,az). We assign following priors on the parameters in the

model
AW ~ (2.14),(2.15), 7™ ~ Be(1,1), forv=1,...,m;

0]72 ~ Ga(ay,b,) for j=1,... p.

a, and b, are set to 1 and 0.3 respectively to allow a relatively wide support of
variances (Bhattacharya and Dunson, 2011). These values correspond to a prior
with mean of 3.3 and variance of 11 of the precision parameter 0;2.
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2.4 Fast parameter estimation via parameter expanded EM

Given our setup, the full joint distribution of BASS factorizes as
p Y, X ANO A ®T n~2Z %, )
= p(Y[A, X, 3)p(X)
x p(A|@)p(B|A, Z, @)p(A[@)p(@[T)p(T|n)p(nl)

x p(X)p(Z|m)p(m), (2.17)

where © = {0}, A = {55}, @ = {¢}7}, T = {5,"}, n = {n} and v = {1}
are the collections of the prior parameters in (2.14). The posterior distributions
of the model parameters could be either simulated through MCMC algorithms or
approximated using variational Bayes inference. We propose an MCMC algorithm
using block update of the loading matrix (Bhattacharya and Dunson, 2011). The
algorithm updates the loading matrix row by row, enabling fast mixing behavior.

Details of the algorithm can be found in Appendix A.1.
2.4.1 Standard EM

In this study, we are interested in a structured solution of the loading matrix. There-
fore we find a maximum a posteriori (MAP) estimator of the model using an expecta-
tion maximization (EM) algorithm (Dempster et al., 1977). The latent factors X and
the indicator variables Z are treated as missing data and are estimated in E step, and
the rest parameters are estimated in M step. Let E = {A, 0, A, & T, n,~,m, 3} be
the collection of the parameters optimized in M step. The complete log likelihood

(@ function) could be written as

QEIEw) = Ex z=,,v log (p(E, X, Z]Y)). (2.18)

Since X and Z are conditional independent given E, the expectation can be easily

calculated using the full conditionals of X and Z derived in the MCMC algorithm.
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In M step when estimating A, the loadings specific to each view are estimated jointly.

We summarize our EM algorithm as follows.

Expectation Step Given model parameters, the distribution of latent factor X has
shown in Appendix A.1. The expectation of first and second moments of X can be
derived as

()= (ATETA+T)T'ATE Ny,

(i) = (@)@’ + (ATSTA+ )™

The expectation of indicator variable pi” = (z{")) is

. 0TI, NOG:0,65) a6 0,8 Galo b, )

ph = v v v v v v :
(1 — 7)) [T NG 0,67) + 7@ T2 NS 0,05)Ga(6'); a, 64 Ga('); b, 61”)

Mazimization Step 'The log posterior of A can be written as

1 1
log (p(A]-)) o tr (B7'ASYY) — Str (ATETIASYY) — Z WD,
where
(1) (1) (m) (m)
1-— 1-—
thdiag<’0€’)+ (lp)hy... p(hm + (Z})L ),
91h ¢h epmh ¢h

St wa s Syl

i=1 i=1

We take the derivative with respect to the loading column A, to get the MAP

solution. For the first part in the right side of the proportion,

otr (ZTASXY)
oA

= (1} ®I,) x vec (E7'8"¥) = vec (7'8V¥1})

—mlsvEl,
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where vec is vectorization operation of a matrix, ® is the Kronecker product, 1! €
R*¥*! is a zero vector except hth row being 1, and SY* = (§X¥)T. For the second
part,

otr (AT ASXX)

X =2(11®I,) x vec (E7'AS*Y) = 2vec (Z7'AS¥¥1])
h

= 2% TASYF1L.
For the third part, the derivative is DpX,. The MAP of A, can be obtained by
setting the derivative to zero, resulting

2 -1
Ay = (SithIp + ZDh) (S.}}/ZX — Z A.hls])l(/hX) , (219)
h'#h

where sX* is the (i,7)th element of S*¥, and s)X is the hth column of S¥*.

The matrix needed inverse is a diagonal matrix. Therefore X.h can be calculated
efficiently. The MAP of other model parameters can be obtained straightforwardly

from their full conditional distributions. Results are listed in Appendix A.2
2.4.2  Parameter expanded EM

The standard latent factor model in (2.1) is unidentifiable up to orthonormal trans-
formations. For any orthogonal matrix P with PTP = I, the new parameter with
A’ = APT and 2’ = Px produces identical likelihood. When FA is used for pre-
diction or covariance estimation, the identifiability problem does not pose particular
ambiguities. However it does cause difficulties in factor interpretation. One tra-
ditional solution is to restrict the loading matrix to be lower-triangular and the
diagonal elements to be positive (West, 2003; Carvalho et al., 2008). This approach
gives special roles to the first k variables in y;, therefore they must be selected care-
fully (Carvalho et al., 2008). To handle this undesirable behavior, we propose an

parameter expanded EM algorithm (Liu et al., 1998) that favors loading orientations
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with desirable structures that match our prior. This idea comes from the recent work
of Rockova and George (2015). We now introduce our algorithm in detail.

The unidentifiability problem comes from the rotation invariance. Once the model
parameters are initialized, the original EM algorithm becomes difficult to escape from
local suboptimal regions with undesirable loading orientations. It is due to the strong
coupling effects between the updates of loading matrix and latent factors, making the
algorithm converge poorly. Parameter expansion (PX) has been shown to reduce this
coupling effect by introducing expansion parameters (Liu et al., 1998; van Dyk and
Meng, 2001; Liu and Wu, 1999). PX has been studied under both deterministic (Liu
et al., 1998) and stochastic (Liu and Wu, 1999) optimization algorithms. Usually
those expansion parameters are chosen such that observed data likelihood dose not
depend on them after latent variables integrated out (Liu and Wu, 1999). However
they must be identifiable under the complete data likelihood with latent variables
introduced. When the expansion parameters are independent of the prior assigned
to parameters of interest, the posterior is invariant under parameter expansion (Liu
and Wu, 1999).

We extend our model in (2.16) to a parameter expanded version as

Y, = AAEI:BZ + €, T; ~ Nk<07A)7 €; ~ Nk(07 Z)u (220)

where Ay is the lower triangular part of Cholesky decomposition of A. The covari-
ance of y; is invariant under this expansion, therefore generating the same likelihood.
Note Azl is not an orthogonal matrix, however it contains a orthogonal transfor-
mation through polar decomposition as discussed by Rockova and George (2015).
We let A* = AA;! and assign our prior on this rotated loading matrix. One way
of thinking this parameter expansion is while keeping likelihood invariant, we are
trying to find an orientation that best fits our prior structure of the joint loading

matrix by rotating it to desired sparsity while sacrificing the independent assumption
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of factors. However, we must emphasize that the posterior of A is not the same as
the posterior in our original model. This is because the prior assigned to A depends
on the expansion parameter A, generating the dependence between the posterior of
A and A.

We let B = {A*,0O, A, ®,T n,~v,m %} and the parameters of our expanded
model are {E* U A}. The EM algorithm in this expanded parameter space generates
a sequence {E*(1)UAq), B 2)UA(g), - }. This sequence corresponds to a sequence of
parameter estimations in original space {E1), E(), - - } with A in the original space
being A*A;, (Rockova and George, 2015). At every iteration we initialize Ay = I.
Then the new @) function could be written as

Q(E*, A|E(S)) = EX,Z\E(S),Y,A(5> IOg (p(E:*, A, X, Z|Y)) (221)

We call our new EM algorithm PX-EM. The conditional distributions of X and
Z still factorizes in the expectation. However the distribution of x; depends on
expansion parameter A. The full joint distribution in (2.16) only changes p(X),
with A* substituting A. Therefore the M step for E* does not change. The only
term involving A is p(X). Thus the value of A that maximizes (2.21) can be solved

by finding

1
A(s41) = argmax 4 Q(E, A|E(,)) = argmaxy (const - glog |A| — Etr(A_l,S’XX)),

where XX

is defined in the original EM algorithm. The solution is simply A1) =
%SXX . For the E step, the A in the original space is first calculated and the expec-
tation is taken in the original model. The details of the updates of PX-EM algorithm
are shown in Appendix A.3.

As discussed before, the proposed PX-EM only keeps the likelihood invariant

but does not leave the prior invariant under transformation. Therefore it differs

from the PX-EM studied by Liu et al. (1998), as discussed in Rockovéd and George
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(2015). Therefore we run our PX-EM only for a first small number of iterations
and then switch to our original EM algorithm targeting desired posterior modes of
A. The first couple runs of PX-EM greatly facilitate our model to escape from bad
loading orientations, as shown in simulation studies. By introducing extra parameter
A, the posterior modes in original space are intersected with equal likelihood curves
indexed by A in expanded space. Those curves serve to facilitate the traverse between
posterior modes in original space and generate prior favorable orientations in the

loading matrix (Rockova and George, 2015).
2.4.8 Computation complexity

The computational complexity of our block Gibbs sampler is relative demanding.
Updating each loading row requires first inversion of a k x k matrix with O(k3)
complexity and then calculating the mean with O(k?n) complexity. The complexity
of updating whole joint loading matrix requires p times this calculation. Other
updates are in lower order compared to updating loading. Therefore our Gibbs
sampler has O(k3p + k?pn) complexity per iteration. In our EM algorithm, E step
requires O(k?) for a matrix inversion, O(k*p+ kpn) for calculating first moment, and
O(k?n) for calculating second moment. Calculations in M step are in lower order.
Therefore the original EM algorithm has O(k* + k*p + k?n + kpn) complexity per
iteration. Our PX-EM algorithm introduce an additional Cholesky decomposition
with O(k?) and a matrix multiplication with O(k?p). The total complexity is in the

same order as the original EM algorithm.
2.5 Simulations

This this section we evaluate the performance of BASS in six simulation studies.

Their details are provided in Table 2.2.
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Table 2.2: Summary of six simulation studies to test the performance of BASS

Simulations Views Dimensions

Sim1 2 p1 = 100, p2 = 120

Sim2 2 p1 = 100, ps = 120

Sim3 4 p1 = 70,p2 = 60, p3 = 50, ps = 40
Sim/ 4 p1 = 70,p2 = 60, p3 = 50, ps = 40
Simd 10 each 50

Sim6 10 each 50

Simulations Samples Factors

Sim1 n = {20,30,40,50} k& = 6 all sparse

Sim?2 n = {20,30,40,50} Kk = 8 sparse and dense
Sim3 n = {20,30,40,50} k& = 6 all sparse

Sim4 n = {20,30,40,50} k& = 8 sparse and dense
Simb n = {20,30,40,50} k& = 8 all sparse

Sim6 n = {20,30,40,50} k& = 10 sparse and dense

2.5.1 Simulating data

Paired views We perform two simulations in the context of two paired views with
p1 = 100, po = 120. The number of samples in these simulations is n = {20, 30,40, 50}.
The number of samples is chosen to be smaller than both p; and ps to reflect the
large p small n problem that motivates our structured approach. In Sim1 we simu-
late data with only sparse latent factors. We set k = 6, where two sparse factors are
shared by both views (factor 1 and 2; Table 2.3), two sparse factors are specific to
y) (factor 3 and 4; Table 2.3), and two sparse factors are specific to y® (factor 5
and 6; Table 2.3). The elements in the sparse loading matrix are randomly generated
from a N(0,4) Gaussian distribution, and sparsity is induced by setting 90% of the
elements in each loading to zero at random. We make sure the absolute values of
sparse loadings are greater than 0.5. Latent factors x; are generated from N(O, I).
Residual errors are generated by first generating the p = p; + po diagonal entries of
the residual covariance matrix ¥ from a uniform distribution on (0.5, 1.5), and then
generating each column of the error matrix from N(0, X).

In Sim2 we include both sparse and dense latent factors. We extend Sim1 to

25



Table 2.3: Configurations of sparse (S) and dense (D) factors in SimI and Sim2 with
two views

Sim1 Stm2
Factors 1 2 3 4 5 6 1 2 3 4 5 6 7 8
Yy S s s s - - S DS S D - - -
Y® S S - - S 8 S D - - - S S D

Table 2.4: Configurations of sparse (S) and dense (D) factors in Sim3 and Sim4 with
four views

Sim3 Sim/
Factors 1 2 3 4 5 6 1 2 3 4 5 6 7 8
Y™ s - - s - - s - - - D - - -
Y ® - S - S S S - s - S - D - -
Y ®) - - S - 8 8 - - S SsS - - D -
Y ® - - - - -8 - - S - - - -D

k = 8 latent factors, where one of the shared sparse factors is now dense, and two
dense factors, each specific to one view, are added. For all dense factors, each loading

is generated according to a N(0,4) Gaussian distribution (Table 2.3).

Four views We perform two additional simulations having four views with p; = 70,
pe = 60, p3 = 50 and ps = 40. The number of samples is set to n = {20, 30, 40, 50}.
In Sim3, we let £ = 6 and only simulate sparse factors. The first three factors
are specific to y™", y® and y® respectively, and last three correspond to different
subsets of the views (Table 2.4). In Sim4 we let £ = 8 and include both sparse and
dense factors (Table 2.4). Samples in these two simulations are generated following

the same method as in Sim1 and Sim2.

Ten views To further evaluate BASS on multiple views, we perform two additional
simulations on ten couple data sets with p, = 50 for v = 1,...,10. The number of
samples is also set to n = {20,30,40,50}. In Sim5, we let k = 8 and only simulate
sparse factors (Table 2.5). In Sim6 we let k = 10 and simulate both sparse and
dense factors (Table 2.5). Samples in these two simulations are generated following
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Table 2.5: Configurations of sparse (S) and dense (D) factors in Sim&5 and Sim6 with
ten views

Simb Sim6

Factors

1
Y@ S -
Y (2) S - -
S
S

|

1

1

I
[N s sl I

|

Y 3)
Y 4)
Yy )
Y (6) -
Y -
Y ®) -
Y ) -
Yy (10) -

1
NN
1
1
1
TN o

RO s RNE s RNV s
1

1
v

1

1

1

the same method as before.
2.5.2  Models for comparison

We compare BASS with five available linear models accepting multiple views: the
Bayesian group factor analysis model with an ARD prior (GFA) (Klami et al., 2013),
an extension of GFA by allowing element-wise sparsity with independent ARD priors
(sGFA) (Khan et al., 2014; Suvitaival et al., 2014), a regularized version of CCA
(RCCA) (Gonzélez et al., 2008), sparse CCA (SCCA) (Witten and Tibshirani, 2009)
and the Bayesian joint factor analysis model studied by Ray et al. (2014) (JFA). We
further include a flexible non-linear model, manifold relevance determination (MRD)
model (Damianou et al., 2012), in our comparisons. To further evaluate sensitivity
of BASS on starting values we study three different initialization methods: random
starting points, a small number of MCMC runs (50 iterations) and a small number
of PX-EM runs (20 iterations).

The GFA model studied by Klami et al. (2013) puts an ARD prior on each column
of the loading matrices, encouraging column-wise shrinkage of the loading matrix but
not sparsity within these loadings. The computation complexity of GFA model with

variational update requires O(k*m + k?p + kpn) computation in updating loading
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matrices and their covariances. Updating factors is in the same order as BASS.
Updating ARD parameters is in lower order. Therefore GFA has O(k*m + k*p +
k*n + kpn) per iteration. In our simulations, we run the GFA model with the factor
number set to the correct values.

The sGFA model proposed by Khan et al. (2014) allows element-wise sparsity
using independent ARD priors on loading elements. Loading columns are modeled by
a spike and slab type mixture to allow column-wise sparsity. Inference is performed
with a Gibbs sampler without using block update. Its complexity is in O(k® +
k*pn) per iteration. We run the sGFA model with correct factor numbers in our six
simulations.

We run the regularized version of classical CCA (RCCA) for comparison in Sim1
and Sim2 (Gonzalez et al., 2008). Classical CCA aims to find k canonical projection
directions w, and v, (h = 1,...,k) for YV and Y@ respectively such that i)
the correlation between w]Y ) and v]Y® is maximized for h = 1,...,k; and
i) u), YV is uncorrelated to ] Y with A’ # h, and similarly for v, and Y®.
Let these two projection matrices be denoted U = (uy,...,u;) € RP*>** and V =
(v1,...,v;) € RP2*k These matrices are the maximum likelihood estimates of the
shared loading matrices in a probabilistic CCA model up to linear transformations
(Bach and Jordan, 2005). However, classical CCA requires the observation covariance
matrices to be non-singular and thus is not applicable in the current simulations.
Therefore, we use a regularized version of CCA (RCCA) (Gonzélez et al., 2008) by
adding A\, I,,, and A1, to the two sample covariance matrices. The two regularization
parameters A; and Ay are chosen according to leave-one-out cross-validation with
the search space defined on a 11 x 11 grid from 0.0001 to 0.01. The projection
directions U and V are estimated using the best regularization parameters. We
let A’ = (U;V); this matrix is comparable to the simulated loading matrix up to

orthogonal transformations. We calculate the matrix P such that the Frobenius norm
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between A’PT and simulated A is minimized, with the constraint that PTP = I.
This is done by the constraint preserving updates of the objective function (Wen and
Yin, 2013). After finding the optimal orthogonal transformation matrix, we recover
A’PT as the estimated loading matrix. We choose 6 and 8 regularized projections for
comparison in SimI and Sim2 respectively, representing the true number of latent
linear factors. RCCA does not apply to multiple coupled views, therefore is not
included in other simulations.

The sparse CCA (SCCA) method (Witten and Tibshirani, 2009) maximizes cor-
relation between two views after projecting the original space with ¢; penalties on the
projection directions, producing sparse matrices U and V. This method is encoded
in the R package PMA (Witten et al., 2013). As with RCCA, we find an optimal
orthogonal transformation matrix P such that the Frobenius norm between A’PT
and simulated A was minimized, where A’ is the vertical concatenation of the re-
covered sparse U and V. We choose 6 and 8 sparse projections in SitmI and Sim2
for comparison respectively. An extension of SCCA allows for multiple views (Wit-
ten and Tibshirani, 2009). For Sim3 and Sim4, we recover four sparse projection
matrices UM, U UG UMW and for Sim5 and Sim6, we recover ten projection ma-
trices. A’ is calculated with the concatenation of those projection matrices. Then the
orthogonal transformation matrix P is calculated similarly by minimizing the Frobe-
nius norm between A’PT and the true loading matrix A. The number of canonical
projections is set to 6 in Stm3, 8 in Sim4 and Simd and 10 in Simé6.

The Bayesian joint factor analysis model (JFA) studied by Ray et al. (2014) puts
Indian buffet process prior (Griffiths and Ghahramani, 2011) on the factor indicators
and inverse gamma prior on both loadings and factor values. Therefore the sparsity
structure is assigned on factors instead of loading matrices. In addition, JFA only
partitions latent factors to view specific ones and the one shared by all views. Its
complexity is in O(k? + k*pn) per iteration with Gibbs sampler. We run JFA model
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on our simulations with factor numbers set to the correct ones.

The non-linear manifold relevance determination (MRD) model (Damianou et al.,
2012) extends Gaussian process latent variable (GPLVM) model (Lawrence, 2005)
to include multiple views. A GPLVM puts a Gaussian process prior on latent vari-
able space. It has a dual probabilistic PCA interpretation with loading columns
marginalized out using a Gaussian prior. MRD extends GPLVM by putting multiple
weight vectors on latent variables through a Gaussian process kernel. Each of the
weight vectors corresponds to an view, therefore they determine a soft partition of
latent variable space. Its complexity is in cubic in number of samples. This complex-
ity is further reduced to quadratic using a sparse Gaussian process prior. Posterior
inference and prediction using the MRD model is performed with Matlab package
vargplvm (Damianou et al., 2012). We use the linear kernel with feature selection
(i.e., Linard2 kernel). We run the MRD model on our simulated data with the

correct number of factors.
2.5.8 Methods of comparison

We compare the loading matrices estimated by BASS with those generated from
alternative methods. We use the two stability indices proposed by Gao et al. (2013)
to make the comparison. The sparse stability index (SSI) measures the similarity
between sparse loadings. SSI is invariant to column scale and factor switching, but
it penalizes factor splitting and matrix rotation. Larger values of the SSI indicate
better recovery. Let C € RF1*#2 be the absolute correlation matrix of columns of
two sparse loading matrices. Then SSI can be calculated by (2.22). The dense
stability index (DSI) quantifies the difference between dense loadings. It is invariant

to orthogonal matrix rotation, factor switching, and scale changes. Let M7 and M,
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be the dense loading matrices. The DSI can be calculated using (2.23).

k1 ko I
1 Yiho=1 L(Chyns > Chy ) Chi s
SSI = — ) - = : ’ :
1 N Z?—l I<Ch1 hy = C. h2>ch1 ha
— : — — - - - 2.22
+ 2k'2 Z (ma’x(c:hQ) k_l_l >’ ( )
ho=1
1
DSI = Etr(MlMlT — M,M,)). (2.23)

In Sim1, Sim3 and SimJ, all factors are regarded as sparse, and SSI’s are calculated
between true combined loading matrices and combined recovered loading matrices. In
Sim2, Sim4 and Stm6, because none of the compared methods explicitly distinguishes
sparse and dense factors, we categorize them as follows. We first select a global
sparsity threshold on the elements of the combined loading matrix. Here we set that
value to 0.15. Elements below this threshold are set to zero in the loading matrix.
Then we choose the first ¢ loading columns with the fewest non-zero elements as the
sparse loadings, where ¢ equals to the number of sparse loadings in the true loading
matrices. The remaining loading columns are considered dense loadings. We find
that varying the sparsity threshold does not affect the separation of sparse and dense
loadings significantly for those compared models. SSI’s are then calculated for the
true combined sparse loading matrix and the combined recovered sparse loadings.
To calculate DSI, we treat the loading matrices A®) for each view separately, and
calculate the DSI for the recovered dense components of each view. The final DSI for
each method is the sum of the m separate DSI’s. Due to the fact that MRD does not
provide estimations of loading matrix, we exclude MRD model in this comparison.
We further evaluate the prediction performance of BASS and other methods.

(=)

According to (2.8), the joint distribution of any y§’“) and the rests y; ' can be
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written as
y N 0 A AT 4 3O) A@ (AT
yz( v) 0/’ A(—v)(A(v))T A= v)(A —v ) + (=) ’

where A=) and (%) are the loading matrix and error covariance excluding the vth

view. Therefore the conditional distribution of yfv) is a multivariate response in a

multiple linear regression model treating y(fv)

;  as predictors, with mean of

v —-v v —v —v —v —o)\~1_ (—v
By, [y ") = ACAT)TATHAC)T 4 £00) Ty

AL AT (A ACD)T 4 50y Ty, (2.24)

IIM??‘

We use this property to predict certain views given others. For the six simulations,
we generate n = {10, 30,50, 100,200} as training data. In addition we generate test
data using true model parameters. The number of test samples is set to 200. For
each simulation study, we choose one view in the test data as response and use
other views and model parameters estimated by training data to perform prediction.
Mean squared error (MSE) is used to evaluate the prediction performance. For Sim1

and Sim2, y@) is used as response; for Sim3 and Sim4, y(g)

and for Simd and Simé6, yl( ), yl ) and y are used as responses. The JFA model

is used as response;

uses sparsity inducing prior instead of an independent Gaussian on latent factors,

therefore we exclude JFA model in prediction.
2.5.4  Simulation results

We first evaluate the performance of BASS in terms of recovering the correct number
of sparse and dense factors in the six simulations. We perform 20 repeats for each
initialization of BASS: random initialization (EM), 50 MCMC runs (MCMC-EM)
and 20 parameter expanded EM runs (PX-EM). In Sim! and Sim3, we set the
starting number of factors to 10. In Sim2, Sim4, Simd and Sim6, we set the starting
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Table 2.6:  Percentage of latent factors correctly estimated across 20 runs with
n = 40.

EM MCMC-EM PX-EM

Sim1  79.17% 99.17% 91.67%
Sim2  61.25% 93.75% 85.62%
Sim3  50.00% 78.57% 73.57%
Sim4  62.78% 86.11% 82.78%
Simb5  17.22% 86.67% 66.67%
Sim6  13.64% 60.45% 62.73%

factor number to 15. We calculate the percentage of correctly identified factors across
the 20 runs in the simulations with n = 40 (Table 2.6). MCMC-EM has the most
accurate results, followed by PX-EM and then EM. With the increase of the number
of views, the accuracy of all methods starts to deteriorate.

We run the other methods on the six simulations and compare the estimated
loading matrices. BASS recovers the closest matches to the simulated loading matri-
ces across the compared methods from a visual inspection (Figures 2.3, 2.4 and 2.5).
The correctly estimated loading matrices by three different initializations of BASS

produce similar results. We only plot matrices from one method.

Two views We then quantitatively compare the results. With two views (Sim! and
Sim?2), our model produce the best SSI's and DSI’s among the compared models
across different sample sizes (Figure 2.6). The column-wise sparsity induced by
spike-slab type prior in SGFA produces nice loading selection with zero columns
(Figure 2.3). However, its performance is limited in sparse loadings because the
ARD prior does not produce sufficient element-wise sparsity. Therefore it produces
relative low SSI's (Figure 2.6). As a consequence of not matching sparse loadings
well, sGFA has difficulty recovering dense loadings, especially with small sample sizes
(Figure 2.6). The GFA model suffers from recovering sparse loadings due to the ARD

prior assigned on the entire column (Figure 2.3, Figure 2.6). Its dense loadings are
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FIGURE 2.3: Estimated loading matrices for two paired views with n = 40 for
different methods. The columns of estimated loadings are reordered and flipped sign
when necessary for visual convenience. Horizontal lines separate two views. Panel

A: Results in Sim1. Panel B: Results in Sim2.

also influenced with small sample sizes (Figure 2.6). RCCA also suffers in the two
simulations because the recovered loadings are not sufficiently sparse (Figure 2.3).
SCCA recovers shared sparse loadings well in Sim! (Figure 2.3). However SCCA
does not model local covariance structure, and therefore is unable to recover the
sparse loadings specific to either of views in Sim1 (Figures 2.3A), resulting again in
poor SST’s (Figure 2.6). Adding dense loadings makes it worse (Figure 2.3B, 2.6).

JFA model does not recover the true loading well due to the sparsity is assigned on
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FIGURE 2.4: Estimated loading matrices for four coupled views with n = 40 for

different methods. The columns are re-arranged in the similar manner as in Figure
2.3. Panel A: Results in Sim3. Panel B: Results in Sim/.

factors instead of loadings (Figure 2.3). Its SSI's and DSI’s also greatly deteriorate
(Figure 2.6).

We next evaluate their prediction performance with two views. In Simi1, SCCA
achieves the best prediction accuracy in three training sample sizes (Table 2.7). This
can be attributed to the nice performance of SCCA in identifying shared sparse load-
ings (Figure 2.3), and the prediction accuracy comes only through shared loadings.

Note from (2.24) that zero columns in either A or A=) decouple the contribution
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of the factors to the dependency between yi(”) and yf_v). In Sim2, both shared sparse
and dense factors contribute to the prediction performance. In this setting BASS

achieves the best prediction accuracy (Table 2.7).

Four views For simulations with four views (Sim3 and Simj ), BASS still can cor-
rectly identify sparse and dense property of factors and their active views (Figure
2.4). sGFA still achieves column-wise sparsity well as in two views, however its spar-
sity level within factors is not as good as BASS. GFA suffers from column shrinkage:
columns with zero values are not effectively shrunk to zero (Figure 2.4B). Its element-
wise shrinkage is also not as effective as BASS or sGFA (Figure 2.4). The results
of SCCA and JFA do not match true loading matrices (Figure 2.4). The results of
stability indices show that BASS still produce the best SSI's and DSI’s among the
compared models in almost all different sample sizes (Figure 2.7). sGFA achieves
similar SSI values in Sim3 with n = 40 compared to BASS with random initializa-
tion (EM), but still inferior compared to MCMC-EM and PX-EM. The advantage

of BASS in other cases is very clear (Figure 2.7). BASS also achieves the best pre-
3)

diction performance with y,” as response and the rest views as predictors (Table

2.8).

Ten views When we increase the view number to ten (Sim5 and Sim6), BASS still
can correctly identify the sparse and dense properties of factors and their active
views (Figure 2.5). The performance of sGFA in column selection remains effective,
well with an inferior element-wise shrinkage compared to BASS (Figure 2.5). GFA
suffers greatly from both column-wise and element-wise sparsity (Figure 2.5). SCCA
and JFA do not produce results that match true loading matrices (Figure 2.5). For
stability indices, BASS with MCMC-EM and PX-EM produce the best SSI’s in Sim&

among the compared models in almost all different sample sizes (Figure 2.7). sGFA
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FiGURE 2.5: Estimated loading matrices for ten coupled views with n = 40 for
different methods. The columns are re-arranged in the similar manner as in Figure
2.3. Panel A: Results in Simd. Panel B: Results in Sim6.
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FiGurke 2.6: Comparison of stability indices on estimated loading matrices with two
views. For SSI, a larger value indicates the estimated sparse loadings are closer to
true sparse loadings. For DSI, a smaller value indicates estimated dense loadings are
closer to the true dense loadings. The boundaries of the box are the first and third
quartiles. The line extends to the highest/lowest value that is within 1.5 times the
distance between the first and third quartiles of the box boundaries.

achieves better SSI's than BASS with random initialization (EM). GFA has a better
SSI’s than EM only with n = 40. The advantage of BASS over other models is clear
(Figures 2.7). In Sim6, BASS has SSI’s and DSI’s at least as good as the best of other
compared models (Figure 2.8). BASS also achieves the best prediction performance
in Sim5. However GFA has lowest MSE’s in Sim6 with n = 20 and n = 40, although
its loading matrices do not produce sufficient column-wise and element-wise sparsity

(Figure 2.5).
2.6 Applications

In this section we consider three different applications of BASS. In the first appli-
cation we evaluate the prediction performance with multivariate correlated response

variables in the Mulan library (Tsoumakas et al., 2011). In the second application
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F1cURE 2.7: Comparison of stability indices on estimated loading matrices with
four views. For SSI, a larger value indicates the estimated sparse loadings are closer
to true sparse loadings. For DSI, a smaller value indicates estimated dense loadings
are closer to the true dense loadings. Boxes have the same meaning as in Figure 2.6.
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F1GURE 2.8: Comparison of stability indices on estimated loading matrices with ten
views. For SSI, a larger value indicates the estimated sparse loadings are closer to
true sparse loadings. For DSI, a smaller value indicates estimated dense loadings are
closer to the true dense loadings. Boxes have the same meaning as in Figure 2.6.
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Table 2.7: Prediction accuracy with two views on ns; = 200 test samples. y@)

;7 in test

samples is treated as response and yi(l) is used to predict the response using param-
eters learned from training sets. Prediction accuracy is measured by mean squared
error (MSE) between simulated ygl) and E(yz-(l) \yi@)). Values presented are the mean
MSE with standard deviation calculated from 20 repeats of different models. Model
with smallest MSE is bolded. When multiple models have the smallest MSE the one

with least standard deviation is bolded.

BASS
ne EM MCMC-EM PX-EM SGFA GFA SCCA RCCA  MRD-lin
10 1.00(0.024)  1.03(0.024)  1.02(0.028)  1.00(<le-3)  0.98(0.002)  0.88 1.01  1.08(0.024)
30 0.90(0.022)  0.88(0.001)  0.88(0.003)  0.92(0.005)  0.93(0.002)  0.88  0.97  1.00(0.016)
Sim1 50  0.88(0.011) 0.87(0.003)  0.88(0.014)  0.90(0.004)  0.92(0.002)  0.88 0.92  0.98(0.028)
100 0.88(0.010)  0.87(0.001)  0.87(0.005)  0.89(0.003)  0.89(<le-3)  0.87  0.91  0.97(0.016)
200 0.88(0.007)  0.87(0.004)  0.87(0.005)  0.88(0.001)  0.88(<le-3)  0.87 095  1.16(0.202)
10 0.80(0.161)  0.82(0.162)  0.68(0.003)  0.74(0.043)  0.89(0.023)  0.86 0.72  1.14(0.002)
30 0.72(0.092)  0.72(0.097)  0.67(0.016)  0.67(0.014)  0.66(0.006)  0.86 0.70  1.15(0.034)
S$im2 50  0.71(0.155)  0.70(0.155)  0.65(0.105)  0.63(0.009)  0.67(<le-3)  0.85 0.72  1.17(0.009)
100 0.63(0.066)  0.61(0.013)  0.62(0.013)  0.62(0.005)  0.61(0.001)  0.85 0.75  1.13(0.013)
200 0.65(0.099)  0.61(0.012)  0.63(0.020)  0.62(0.007)  0.61(0.002)  0.85 0.81  1.55(0.591)

we apply BASS on gene expression data from the Cholesterol and Pharmacoge-
nomic (CAP) study. The data consist of expression level measurements for about
ten thousands genes in multiple lymphoblastoid cell lines (LCLs) under two con-
ditions (Mangravite et al., 2013; Brown et al., 2013). BASS is used to detect the

sparse covariance structures specific to each condition, and then to construct two

Table 2.8: Prediction accuracy with four Views on ns = 200 test samples. yi(g)
samples is treated as response and y; ), yZ ) and y ) are used to predict the response
using parameters learned from training sets. Means of MSE and standard deviations

are calculated and shown in a similar manner to the results shown in Table 2.7.

in test

BASS
ng EM MCMC-EM PX-EM sGFA GFA SCCA MRD-lin

10 1.03(0.044
30 0.91(0.049
Stm8 50 0.85(0.019
100  0.85(0.019
200  0.84(0.001

1.02(0.019)  1.01(0.010)
0.87(0.016)  0.88(0.007) )
0.85(<1e-3)  0.87(0.038)  0.87(0.005)
0.84(0.002)  0.84 ) 0.86(0.004)  0.87(0.001) 111 0.92(0.014)
) ) 0.83(0.001) 1.13  1.16(0.140)

1.00(<1le-3)  0.97(0.001)  1.00  1.00(<le-3)
0.90(0.007 0.93(0.003) 1.00  0.99(0.021)
0.88(0.002) 1.01  1.04(0.095)

0.84(<1e-3) 0.84(0.004 0.84(0.001

30 0.97(0.020) 0.95(0.015) 0.96(0.013)  0.97(0.007 1.03(0.003) 1.40  1.50(0.090)
Sim4 50  0.94(0.013)  0.93(0.005)  0.94(0.012
100  0.93(0.015)  0.93(0.007)  0.93(0.010
200 0.91(0.029)  0.92(0.022)  0.89(0.047

)
0.95(0.005)  1.02(0.017)  1.40  1.50(0.084)
0.94(0.003)  0.96(<le-3) 151  1.47(0.088)
(0.001)

)
) (
) (
) (0.
) (
10 1.05(0.095)  1.03(0.094)  1.10(0.138) 1.00(<le-3)  1.32(0.029)  1.35  1.98(0.067)
) (
| z
) ( 0.89(0.001)  1.77  1.58(0.132)

—_ =D

0.93(0.001
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Table 2.9: Prediction mean squared error with ten views on n, = 200 test samples.
yi(s), yi(g) and ygm) in test samples are treated as responses and the rests are used
to predict the response using parameters learned from training sets. Means of MSE
and standard deviations are calculated and shown in a similar manner to the results

shown in Table 2.7.

BASS
ng EM MCMC-EM PX-EM sGFA GFA SCCA MRD-lin

10 1.01(0.020
30 0.88(0.031
Stm5 50 0.86(0.023
100 0.85(0.007
200  0.85(0.006

1.00(0.011)  1.00(0.007)
0.86(0.018)  0.87(0.028)  0.89(0.005
0.85(<l1e-3)  0.86(0.022)  0.87(0.003
0.85(<le-3)  0.85(0.002)  0.86(0.003

0.99(0.008)  1.00(0.002)  0.99  1.49(0.001)
0.90(0.002)  0.99  1.01(0.035)
0.88(0.001)  0.99  0.97(0.020)
0.87(0.001) 1.01  0.92(0.039)
(

0.84(<1e-3) 0.84(<1e-3)  0.84(0.001 0.83(0.001) 0.96 1.06(0.105)

(
30 0.49(0.160)  0.40(0.093)  0.38(0.007) 0.43(0.006)  0.40(0.005)  0.98  0.46(0.006)
Sim6 50  0.44(0.099)  0.39(0.011)  0.39(0.004) 0.41(0.002)  0.40(0.001) 1.01  0.42(0.009)
100 0.39(0.033)  0.39(0.004)  0.39(0.011)  0.39(0.002) 0.39(0.001)  0.97  0.52(0.249)
(

) )
) )
) )
) )
) )
10  0.61(0.164)  0.57(0.116)  0.51(0.031) 0.58(0.012)  0.75(0.011) 0.97  1.00(<le-3)
) )
) )
) 0.38(0.001)  0.38(0.001)  0.39(0.001)

200 0.38(0.003 0.39(0.001)  1.01  0.40(0.020)

condition-specific co-expression networks. In the third application, we apply BASS
on document data with approximately 20,000 newsgroup documents divided into 20

newsgroups (Joachims, 1997).
2.6.1 Multivariate response prediction

The Mulan library consists of multiple data sets with the aim of studying multi-label
predictions (Tsoumakas et al., 2011). This library is used to test the Bayesian CCA
model in multi-label prediction context with 0/1 labels (Klami et al., 2013). There
are two views (m = 2), the labels are treated as one view (Y'(!)) and the features
are treated as another (Y (?)). Recently Mulan adds multi-target regression data sets
with continuous target variables. We choose ten benchmark data sets from Mulan
library. Four of them have 0/1 labels as responses, which are also studied in (Klami
et al., 2013). Another six data sets consist of continuous responses (Table 2.10).
We run BASS, sGFA, GFA and MRD on these ten data sets. Prediction accuracy
is used to compare the models. For 0/1 labels, we use the Hamming loss between
the predicted labels and true labels to calculate the prediction error. The predicted

labels on test samples are calculated using the same thresholding rules in (Klami
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Table 2.10: Multivariate response prediction from Mulan library. First View is used
as predictors and the second view is treated as response. n;: the number of training
samples. ng: the number of test samples. The first view in the first four data sets are
0/1 responses, and the rest six are continuous responses. For 0/1 response, prediction
accuracy is evaluated using Hamming loss between predicted labels and test labels in
test samples. For continuous response, mean squared error (MSE) is used to evaluate
prediction accuracy. Values presented are the minimum Hamming loss/MSE across
20 repeats of different models. Model with smallest MSE is bolded. When multiple
models have the smallest MSE the one with least standard deviation is bolded.

Data set p1 P2 ne Ns BASS sGFA GFA MRD-lin

bibtex 1836 159 4880 2515  0.014(0.001) 0.014(0.001)  0.014(<le-3)  0.014(0.001)
delicious 983 500 12920 3185 0.016(0.001) 0.016(<1e-3) 0.017(<1e-3) 0.020(<1e-3)
mediamill 120 101 30993 12914  0.032(0.001) 0.032(0.005) 0.034(<1e-3) 0.043(<1e-3)
scene 294 6 1211 1196 0.131(0.016) 0.123(0.029) 0.130(0.002) 0.138(0.026)
rfl 64 8 4108 5017  0.292(0.050)  0.390(0.008)  0.309(<le-3)  0.370(0.146)
rf2 576 8 4108 5017  0.271(0.027) 0.478(0.004) 0.427(0.001) 0.438(0.160)
semld 280 16 8145 1658  0.211(0.005)  0.225(0.028)  0.213(<le-3)  0.212(0.163)
scm20d 61 16 7463 1503 0.650(0.015) 0.538(0.006) 0.720(0.002) 0.608(0.033)
atpld 370 6 237 100 0.176(0.032) 0.208(0.006) 0.201(0.001) 0.219(0.113)
atp7d 370 6 196 100 0.597(0.063) 0.537(0.015) 0.537(0.003) 0.545(0.049)

et al., 2013). The value of the threshold is chosen so that the Hamming loss between
estimated labels and true labels in training set is maximized. We use the R package
PresenceAbsence and Matlab function perfcurve to find the best thresholds for
those models. For continuous target variables, mean squared error (MSE) is used to
evaluate prediction accuracy. We initialize BASS with 500 factors and 50 PX-EM
initial iterations. The other models are set to the default parameters with factor
numbers set to min(py, p2,50). The linear kernel with feature selection (Linard2
kernel) is used in MRD. All the models are repeated 20 times, and minimum errors
are reported. The results are summarized in Table 2.10. BASS achieves the best
prediction accuracy in five data sets. The averaged factors identified by BASS are

shown in Table 2.11.
2.0.2 Gene expression data analysis

We apply our model to gene expression data from the Cholesterol and Pharmacoge-

nomic (CAP) study, consisting of expression level measurements for 10,195 genes in

42



Table 2.11: Averaged estimated latent factors from the ten data sets in Mulan library.
S represents a sparse vector; D represents a dense vector.

Yy® s S - DD - S D .,

y® S . s$ D . D p g /ot
bibtex 355 55 2 0 0 0 0 0 413
delicious 489 10 0 0 0 O 0 0 499
mediamill 56 19 36 0 0 0 0 30 141
scene 27 20 0 32 4 0 35 15 133
rfl 5 1 0 8 0 0 6 4 25
rf2 43 93 1 39 5 0 57 25 263
semld 29 13 2 22 0 1 43 6 115
sem20d 11 4 2 13 0 0 20 1 53
atpld 0 50 0 3 3 1 2 0 59
atp7d 0 4 0 1 1 1 2 0 51

480 lymphoblastoid cell lines (LCLs) after 24-hour exposure to either a control buffer
(Y or 2 uM simvastatin acid (Y @) (Mangravite et al., 2013; Brown et al., 2013).
In this example, the number of views m = 2, representing gene expression levels on
the same samples and genes after the two different exposures. The expression lev-
els are preprocessed to adjust for experimental traits (batch effects and cell growth
rate) and clinical traits of donors (age, BMI, smoking status and gender). We have
projected the adjusted expression levels to the quantiles of a standard normal within
gene. Then we apply BASS with the initial number of factors set to k = 2,000. We
perform parameter estimation 100 times on these data with PX-EM initialization
of 100 iterations. Across these 100 runs, the estimated number of recovered factors
is approximately 870. Across the 100 runs, we only discover very few dense factors
(Table 2.12). This potentially is due to the systematic variations have been adjusted
by the preprocessing step. In addition the idiosyncratic errors explain the majority
of total variance (85.27%).

We compute the proportion of variance explained (PVE) by those sparse factors

(Figure 2.9A). The PVE for the hth factor is calculated as the variance explained
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Table 2.12: Estimated latent factors in the CAP gene expression data with two
views. S represents a sparse vector; D represents a dense vector. PVE: proportion
of variance explained.

Yy S S . D N

v g S g rest  Total

PX.EM #Factor 731 63 62 1 0 0 12 870
PVE(%) 11.18 0.88 0.82 0.17 0.20 0.10 1.98 15.31

EM #Factor 23 175 200 5 26 28 16 473

PVE(%) 035 0.42 0.61 3.63 31.97 3891 14.80 90.67

by the hth factor divided by the total variance: tr(A;A})/tr(AAT + X). Shared
sparse factors explain more variance than specific sparse factors, which indicates the
expression variations are mostly maintained between the two treatments. We also
find that 87.48% of the specific sparse factors contain fewer than 100 genes, and
0.71% of those factors have greater than 500 genes. The shared sparse factors have
more genes than those specific ones. 71.95% shared sparse factors have fewer than
100 genes, and 4.54% such factors have greater than 500 genes. (Figure 2.9B).

The sparse factors specific to each view characterize the local sparse covariance
estimates. We use view specific sparse factors to a construct a gene co-expression net-
work that is uniquely found in that condition. We call such a network the condition-
specific network. The problem of constructions of condition specific co-expression
networks have been both studied by machine learning and computational biology
approaches (Li, 2002; Ma et al., 2011). Our BASS model provides an natural al-
ternative way to solve this problem. We denote B as the sparse loadings in B®)
(ve {1,2}). Then QY = BY(B")T + =® represents the regularized estimate of
the covariance matrix specific to each view after controlling for the contributions of
the dense factors. We invert this positive definite covariance matrix to get a precision
matrix R = (ng))*l. The partial correlation between gene j; and j, is then cal-

culated by normalizing the precision matrix (Edwards, 2000; Schéfer and Strimmer,
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FIGURE 2.9: Results of applying BASS to the CAP gene expression data. Y (1:
the view from buffer-treated samples. Y ?: the view from statin-treated samples.
Panel A: the proportion of variance explained (PVE) by different factors. Factors
are ordered by their PVE’s and first 10 factors are displayed. PVE is on the log,,
scale. Panel B: Histogram of the number of genes in different sparse factors. The
count is displayed in square root scale.

2005):
(v)
 _  Tigp
Pjijs = ) () :
rj1j1rj2j2

A partial correlation that is zero for two genes suggests that they are conditionally
independent (conditional on the remaining genes in the network). Connecting genes
with non-zero partial correlation results a undirected network known as a Gaussian
graphical model (Edwards, 2000; Koller and Friedman, 2009).

We use following method to combine the results of 100 runs to construct a single
condition-specific gene co-expression network for each view. For each run, we first

construct a network by connecting genes with partial correlation greater than a
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FiGURE 2.10: Estimated condition-specific gene co-expression networks from CAP
data. Two networks are constructed to represent the condition-specific co-expression
between buffer-treated samples (Panel A) and statin-treated samples (Panel B). The
node and label size is scaled according to the number of shortest paths from all
vertices to all others that pass through that node (betweenness centrality).

threshold (0.01). Then we combine the 100 networks to construct a single network
by keeping the edges that appear in more than 50 (50%) networks. The final two
condition-specific gene co-expression networks contains 160 genes and 1,244 edges
(buffer treated view, Figure 2.10A) 154 genes and 1,030 edges (statin-treated view,

Figure 2.10B) respectively.
2.0.3 Document data analysis

In this application we consider the 20 newsgroup document data (Joachims, 1997).
The documents have processed so that duplicates and headers are removed, resulting
18,846 documents. The data are downloaded using scikit-learn Python package
(Pedregosa et al., 2011). We convert the raw data into TF-IDF vectors and select
319 words using SVM feature selection in scikit-learn. One document has a zero
vector across all the words therefore is deleted. We further select ten documents

from each newsgroup as test data.
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We apply BASS on the transposed data with 20 newsgroups as 20 views. We set
2,000 initial factors and perform 100 parameter estimations, with 100 initial PX-EM
iterations. There are approximately 825 factors recovered. We analyze the group
specific words in following way. For each estimated loading, we calculate its Pearson
correlations with group indicator vectors consisting of ones for a specific group and
zeros for other groups. Then the loadings with the ten largest absolute correlation
coefficients are considered and the words with the largest absolute factor scores
corresponding to the ten loadings are listed. The results of one run are shown in Table
A.1. For example, the alt.atheism newsgroup has ’islam’; ’keith” and ’okcforum’ as
the top words, and the rec.sport.baseball newsgroup has 'baseball’; ’braves’ and
‘runs’ as top words. We further partition the newsgroups into six classes according
to subject matter to analyze the shared words across different newsgroups (Table
2.13). Similarly we calculate the Pearson correlations with cross group 0/1 indicator
vectors and analyze the top words in the ten factors with largest absolute correlation
coefficients (Table 2.13). For example, the newsgroups of talk.religion.misc,
alt.atheism and soc.religion.christian share 'god’, 'bible’ and ’christian’ as
top words. One of the selected shared loading for this newsgroup class is shown in
Figure 2.11A.

Then we use the estimated loading and factors from training set to predict the
document groups in the test set. The estimated loading matrix and factors give a
regularized matrix approximation of training data matrix. To estimate the load-
ings in the test set, we left multiplied the test data matrix by the Moore-Penrose
pseudoinverse of factors estimated from training data. This give a rough estimate
of the loading matrix for test data. Then test labels are predicted using ten nearest
neighbors based on the loading rows. For the 200 test documents, we generate an
approximately 58.17% accuracy using Hamming loss. One predicted and true news-

group labels are shown in Figure 2.11B. Due to some of the newsgroups are very

47



g

FIGURE 2.11: Newsgroup prediction on 200 test documents. Panel A: One factor
loading selected as shared by three newsgroups ( talk.religion.misc, alt.atheism
and soc.religion.christian). Panel B: 20 newsgroups prediction on 100 test doc-
uments using ten nearest neighbors based on estimated loadings. Panel C: Document
group prediction based on high level classes with similar subject matter using ten
nearest neighbors based on estimated loadings.

closely related to each other, while others are highly unrelated, we further partition
them into six classes according to subject matter. Then ten nearest neighbors are
used to predict this high level classes of the test data. We obtain an approximately

75.05% accuracy using Hamming loss (Figure 2.11C).
2.7 Discussion and conclusion

In this chapter we have developed a Bayesian group factor analysis model with a hier-
archical prior that induces both column-wise and element-wise sparsity. There exists
a reach literature studying paired or multiple views jointly (e.g. Parkhomenko et al.
(2009); Witten and Tibshirani (2009); Zhao and Li (2012) among others). The line of
interpreting as linear factor analysis models includes the original inter-battery /multi-

battery model (Browne, 1979, 1980), the probabilistic CCA model (Bach and Jordan,
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Table 2.13: First ten words of the group shared factors for six different newsgroup
classes.

Newsgroup classes First ten shared words Newsgroup classes First ten shared words
comp.graphics windows dos sale shipping
comp.os.ms-windows.misc thanks mac sell ca
comp.sys.ibm.pc.hardware graphics go misc.forsale condition wanted
comp.sys.mac.hardware file scsi offer thanks
comp.windows.x window server forsale edu

dod baseball government it
rec.autos . s . . . .
car ride talk.politics.misc israeli israel

rec.motorcycles

bike cars talk.politics.guns jews gun
rec.sport.baseball s .
motorcycle bmw talk.politics.mideast atf guns
rec.sport.hockey
game team firearms batf
. clipper henry god bible
sci.crypt . . .
- CTYP . encryption orbit talk.religion.misc bible heaven
sci.electronics . s .
. space people alt.atheism christian sandvik
sci.med . Lo L. s .
. chip circuit soc.religion.christian clh faith
sci.space . .
digex voltage jesus church

2005), the sparse probabilistic projection (Archambeau and Bach, 2009) and most
recently the BCCA (Klami et al., 2013) and GFA models (Klami et al., 2014a). It
is until recently that the column-wise sparsity (or group-wise sparsity) has been ap-
preciated in this problem, mostly because its effects of decoupling latent variables
from views and adaptively selecting factor numbers. This is mostly due to the work
of the Bayesian version of CCA (Virtanen et al., 2011). Recently sGFA model is
developed to combine column-wise and element-wise sparsity using a combination
of independent ARD priors and a spike-slab prior for column selection. The model
developed in this chapter pushes one step further using a more effective shrinkage
prior and allowing sparse and dense mixture on the factor loadings. Modeling sparse
and dense loadings is very closely related to the problem of low rank and sparse
decomposition of covariance matrices (Chandrasekaran et al., 2009; Candes et al.,
2011; Zhou et al., 2011). With the assumption of full column rank of dense loadings
and one single view, our model provides a Bayesian solution to the low rank/sparse
decomposition problem.

The column-wise shrinkage in BASS is achieved through the top two layers of the

TPB distribution. With current parameter settings, it is equivalent to the standard
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horseshoe prior put on the entire column. The horseshoe prior has been shown to
induce better shrinkage effects compared to the Student-t prior (ARD), the double-
exponential prior (Bayesian lasso) and other similar shrinkage priors, at the same
time maintaining a good computational tractability (Carvalho et al., 2010). In ad-
dition, our local shrinkage induces element-wise sparsity. Combined with the two-
component mixture this allows the dense and sparse factors in any combinations of
views. Shared dense factors could be viewed as supervised low rank decomposition if
we treat one view as labels. Shared sparse factors capture interpretable associations
among variables in different views. To our knowledge our model BASS is the first
such model that allows different dense/sparse factor combinations among multiple
views.

We develop EM algorithms to find MAP solutions of our model. The random
initialized EM algorithm is easily stuck in bad initial loading orientations. We fur-
ther develop a fast and robust PX-EM algorithm by introducing expanded rotation
matrix. Our method utilizes the rotation invariance property of likelihood for our
joint factor model (Rockovéa and George, 2015). Introducing this additional param-
eter greatly facilitates the EM algorithm to escape from bad initializations. The
additional complexity we paid is a single Cholesky decomposition and a matrix mul-
tiplication. We compare original EM, PX-EM and EM with a few MCMC runs as
initialization (MCMC-EM) in simulations. Results show after a few PX-EM runs
our model can find a good orientation that matches our prior favorable structure. In
addition, our PX-EM is faster than the GFA model and sGFA model.

In this study we focus on the interpretation of those models from a factor analysis
point of view. By concatenating all the view matrices, we get a joint factor model. It
has been long appreciated that the problem of limited sample sizes in factor models
(Carvalho et al., 2008). Concatenation of multiple views makes this problem worse

due to that it only increases variables not observations. The structured regularization
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of the joint loading is one necessary approach to provide meaningful solutions. BASS
achieves this through a structured shrinkage prior with fast and robust parameter
estimations.

The extensions of multi-view linear factors models to non-linear or non-Gaussian
models have been studies recently (Salomatin et al., 2009; Damianou et al., 2012;
Klami et al., 2014b; Klami, 2014). The idea of inducing structured sparsity in the
loadings can be analogized in both of the settings. For example, we could consider
more sophisticated Gaussian process kernels in the non-linear models, and formulate
in a structured way. We anticipate such multi-view models would be more popular

in the further.
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3

MELD - a fast moment estimation approach for
generalized Dirichlet latent variable models

Many modern statistical applications require the analysis of large scale, heteroge-
neous data types including continuous, categorical, and count variables. For ex-
ample, in social science, survey data often consist of collections of different data
types (e.g., height, gender, and age). In population genetics, researchers are in-
terested in analyzing genotype (integer-valued) and heterogeneous traits of varying
data types. Often data take the form of an n x p matrix Y = (yy,...,y,)", with
Y = (Yi,---,Yip) " a p dimensional vector of measurements of varying types for ith
subject with ¢ =1,...,n.

In this chapter we contribute to the existing literature in two important aspects.
First, we develop a new model for mixed data types. The new model is called general-
ized latent Dirichlet model. Such a model assumes that each subject partially belongs
to k different components, with mixture proportions of the components following a
Dirichlet distribution. The model has been studied following different trajectories,

e.g. in population genetics (Pritchard et al., 2000b,a), documents modeling (Blei
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et al., 2003) and contingency table modeling (Bhattacharya and Dunson, 2012).
Those models are also known as mized membership models, with the name indicating
the partial membership of each subject. A recent book by Airoldi et al. (2014) gives a
comprehensive introduction to this class of models. The generalized latent Dirichlet
model proposed in this chapter extends previous models to allow mixed data types
in a unified modeling framework.

The second contribution of this chapter is that we propose a generalized method
of moments (GMM) approach to estimate parameters for the proposed new model.
In contrast to previous estimation methods such as EM or MCMC algorithms, the
GMM approach developed here does not require initiation of latent variables. This is
achieved by extending the moment tensor methods proposed recently (Anandkumar
et al., 2014b). Our GMM approach distinguishes itself from those moment tensor
methods in multiple ways. First previous methods rely on matrix decomposition
techniques such as singular value decomposition (SVD) or eigenvalue decomposition.
This limitation prevents those methods to estimate an over complete component
parameters, meaning the number of latent components greater than the dimension
of observed variables. Our GMM approach circumvents this limitation and could
be used to the case where the number of components is greater than the dimension
of variables. Second our moment functions are defined as low order (second or
third) heterogeneous polynomials instead of homogeneous polynomials. This allows
us to develop a fast coordinate descent algorithm, which could not be achieved if
homogeneous polynomials are used. We name our approach MELD standing for
Moment Estimation for generalized Latent Dirichlet variable model.

The rest of this chapter is organized as follows. We introduce our generalized
latent Dirichlet variable model in Section 3.1. Some well known existing models are
reviewed and their connections with our new model are discussed in this section. In

Section 3.2 we start with generalized method of moments and introduce the moment
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functions used to perform parameter estimations in our new model. A two stage es-
timation procedure is proposed and a fast coordinate descent algorithm is developed.
In Section 3.3 we demonstrate our approach by multiple simulations. In Section 3.4
we apply our approach to three public available data sets. We conclude this chapter

by a discussion in Section 3.5.
3.1 Generalized latent Dirichlet variable models

In this section we introduce a new generalized latent Dirichlet variable model for

modeling mixed data types.
3.1.1 Modeling mixed data types

We first give a brief review of existing approaches for modeling mixed data types.
The history of modeling mixed data types has been mainly following two paths. One
approach assumes there are latent Gaussian variables behind observations and the
observed variables with mixed data types are manifestations (indicators) of the latent
variables (Muthén, 1983, 1984). Those latent variables are also called latent traits
(Arminger and Kiisters, 1988) or liability scores in population genetics literature
(Luo et al., 2001). Those models are routinely used in the social science literature,
focusing almost entirely on the case in which data are categorical or continuous. The
categorical observed variables are resulted by thresholding the latent Gaussian vari-
ables. The well known probit model belongs to this class. Often structural equation
modeling approaches or factor analysis models are used to model the dependence
structure among latent variables (Muthén, 1984; Shi and Lee, 2000; Quinn, 2004).
Most recently Hoff (2007) develops an extended rank likelihood approach for mixed
data types using a semiparametric copula model. Latent Gaussian variables are as-
sumed separately from the marginal distributions of observed variables through an

inverse cumulative distribution function (CDF) technique. The approach augments
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the copula model with latent variables that satisfy rank constraints and parameter
estimations are performed using MCMC algorithms. The idea soon gains popularity
and applications and extensions of the original method have been developed (Gruhl
et al., 2013; Murray et al., 2013).

A second approach for modeling mixed data types defines an exponential family
distribution for each of the observed variables. This approach uses theories from
generalized linear models with independent variables (predictors) partially replaced
by latent variables (Sammel et al., 1997; Moustaki and Knott, 2000; Dunson, 2000,
2003). Dependence among observed variables is achieved by assuming certain la-
tent variables are shared across the generalized linear models. Those models are
potentially flexible due to each variable is modeled by its own distribution. However
one limitation is that the latent variables determine both the shape of the marginal

distribution and the dependence structure among observed variables.
3.1.2  Latent Dirichlet variable model with mixzed data types

In this subsection we introduce a new model for mixed data types. We call the model
generalized latent Dirichlet variable model. Let y; = (yi1,...,%;)" be a p dimen-
sional observation for subject i. The latent Dirichlet variable model assumes each
variable of y; is drawn from a mixture of distributions specified for that particular
variable, and the mixture weights of different variables for subject ¢ are the same.
Let’s assume there are k£ latent components. We denote the mixture weight vector
assigned on the k components for subject i as x; = (21, ... ,x@-k)T e A1 Here
AF=1 denotes the k — 1 probability simplex, indicating the sum over each coordinate
of x; being one. Conditional on x;, the distribution of jth variable of y; is assumed

to be

k
Yijle; ~ Z Tingj (Djn), (3.1)
h=1
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where g;(¢;p) is the density of the jth variable in component h. In this setting, a
pure subject has a weight vector with all zeros except for a single one. We view
the mixture weight x; as latent variable. A full likelihood specification is completed
by choosing a population distribution for the latent variable x; ~ P, with P a
distribution on the simplex A*~!. In this work, we put a Dirichlet distribution on
this latent variable vector &; ~ Dir(a) with a = (o, ..., ;). The resulting model
is called a generalized latent Dirichlet variable model.

The corresponding density g;(¢;) is absolutely continuous with respect to a
dominating measure (£2,H, pt), and it is indexed by parameter ¢;,. Currently we
do not specify its parametric form. It could be chosen to belong to the exponential
family. We further let m; = (my1, .. .mip)T denote a membership vector for subject
i, where m;; € {1,...,k} indicates the component that y;; is generated from. Model

(3.1) can be written in a generative form
Yij | mig =h ~ g;(djn),
mij | £L; ~ Multl(:cz),

x; ~ Dir(a). (3.2)

With specifications of the density function g;(¢;5), our model reduces to several well

known models, as reviewed below.
Latent Dirichlet allocation

Modeling documents using probabilistic models has a long history. The bag-of-words
model studied by Hofmann (1999) assumes the word in a document follows a mixture
of multinomial distributions. Latent Dirichlet allocation (LDA) (Blei et al., 2003)
extends the model to allow each document has its own mixture weights. One way of

presenting LDA model is

Yij|lmi; = h ~ Multi(ey,),
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mg; |$Z ~ Multl(.’L‘Z),

x; ~ Dir(a). (3.3)

Here y;; is the jth position in document ¢ and y; = (y1, ... ,yipz.)T is a document
with p; positions. We distinguish position in a document from a word in the sense
that a word is reserved for indicating a unit in a vocabulary. Two words are of
different types. Instead a position is a realization of a word in a document and
two positions could take the same word. ¢y, is a probability vector over the whole
vocabulary specified for Ath component. @; is the mixture weights over £ components
for 1th document. To complete the model we assign a Poisson distribution over the
total number of positions p; in document i. The number of categories y;; could
take, say d, equals to the number of words in the vocabulary. Since ¢, defines a
multinomial distribution over the vocabulary, it is interpreted as a topic (Blei et al.,
2003). Another way of interpreting the LDA model is to use Poisson distributions.
This is because for d independent Poisson variables nq,...,ng with rate \. for ¢ =
1,...,d, conditional on the total, their distribution is equivalent to a multinomial
distribution Multi(ng, ) with ng = >, n. and @ = (A1,...,A\g) " /(2. Ac). Therefore

the LDA model could also be written as
Yijlmij = h ~ Poisson(¢;n),
mi;la; ~ Multi(z;),
x; ~ Dir(a). (3.4)
Here y;; is the number of counts of jth word in document i and y; = (vi1, . - -, yid)T is
a summary of word counts. ¢, is a scalar indicating the Poisson rate for jth word in

topic h. When we are not interested in modeling the total positions in a document,

above two models are equivalent.
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Admixture model in population genetics

The multilocus admixture model proposed in population genetics literature has the
similar idea as the LDA model (Pritchard et al., 2000b). In the original paper, the
genotype data of n dipoid individuals at p loci are modeled. Let yz(; ) and yg) denote
the genotype of ith individual at locus j. Because there are two chromosomes in a
dipoid individual, each of which is originated from one parent, therefore the ordered
pair (yz(j1 ), yff)) is used to denote the genotype. When such pairs are not observed,

we could use phasing methods to estimate the haplotype (Browning and Browning,

m @

2011) and then obtain such pairs. Assuming (y;;’, ¥;;’) is known, the admixture

model proposed by Pritchard et al. (2000b) assumes
Olm® — 1~ Multi(o.
Yij |mz’j ulti(;n),
mz(J)\a:Z ~ Multi(x;),

x; ~ Dir(av). (3.5)

This model assumes the two copies of the genotype at jth locus for individual 7 have
()

their own membership variables. y;;’ at both copies could take d; different values,
where d; equals to the number of possible alleles at locus j. ¢;;, is the genotype

distribution for jth locus in population h. Its dimension equals to d;. For example,

when single nucleotide polymorphism (SNP) data are studied, d; = 2 and yfj) could
take (0,1) two values, meaning missing or existing of a particular reference allele. If
we further assume Hardy-Weinberg equilibrium, meaning that the two copies of the

allele are independently inherited from the two parents with a common population
(1) (2)

frequency, we could re-write the model by letting y;; = y;;” + y,;" as
Yij|mi; = h ~ Binomial(2, ¢;3,),
mijle; ~ Multi(zx;),
x; ~ Dir(a). (3.6)
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Here ¢;;, indicates the reference allele frequency in population & at locus j.
Simplex factor model for contingency tables

The simplex factor model proposed by Bhattacharya and Dunson (2012) for con-
tingency table modeling also could be written in a similar manner. We first intro-
duce some basic concepts in modeling of contingency tables. For n observations
of a p dimensional categorical vector y; = (yi1,...,¥y;p) with y;; € {1,...,d;} for
1 =1,...,n, the data could be formulated into a p way contingency table of dimension
dy x dy -+ x d, (Dunson and Xing, 2009). Let ¢ = (cy,...,c,)" with ¢; € {1,...,d;},
researchers are interested in modeling the probability of 7, = Pr(y; = ¢) = Pr(y; =
C1,...,Yip = Cp), which is the probability of observing a particular cell in the p way
table. We have ) 7. = 1 where the summation is taken over all cells in the table.
Dunson and Xing (2009) call @ = {7.} a probability tensor. Modeling contingency
table becomes finding a parsimonious way to represent the probability tensor.

The simplex factor model proposed by Bhattacharya and Dunson (2012) assumes
k
Pr(yi; = cjlzi, ®5) = Z TinPjhey,

where ®; = (¢;1,. .., @) is the collection of probability vectors for jth variable in
the k latent components. x; is a Dirichlet latent variable in k — 1 simplex A*1L,
The authors show that this model can be viewed as a Tucker decomposition of the

probability tensor 7
k k p
JHPT Yij = Cj|mlﬁ dP xz = Z Z ghl,...,hp H¢jhjCj'
=1 =1 j=1

The arms in the decomposition correspond to ¢,;,’s for the component distributions.
The core tensor depends on the distribution assumption on the latent Dirichlet vari-

able P(x;). By augmenting the simplex factor model with membership variable m;;,
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we get an equivalent representation
yij]mij = h ~ Multi(quh),

x; ~ Dir(a). (3.7)

To sum up, the models reviewed above in (3.3), (3.4), (3.5), (3.6) and (3.7) can
be thought of as special forms of our model in (3.2). Model (3.2) generalizes the
traditional mixed membership models to allow mixed data types. The parameters

® = {¢pjn}1<j<p1<n<k are mixture component parameters shared by all subjects.
3.2 Generalized method of moments for parameter estimation

With n independent samples Y = (yi,...,y,) from model (3.2), we can write fol-

lowing likelihood after marginalizing over the latent Dirichlet variables

n

sy e - ]| [ H (éﬂfmgj(yij o) Jar(e) |

=1

One can choose a specific form of the component distribution g;(y;; | ¢;n) for
each of the jth variable. Then a complete likelihood can be obtained by augmenting
the model with membership variables M = {m;;}1<i<n1<j<p. Parameter estimation
can be done using EM or MCMC algorithms. Those algorithms alternate between
updating latent variables, membership variables and population parameters, which
inevitably leads to slow convergence, inefficiency and instability.

In this chapter we are going to use method of moments, particularly generalized
method of moments (GMM), to perform parameter estimation in model (3.2). Our
GMM does not require initiation of latent variables. In addition in using GMM we
do not need to specify a distributional form for g;(y;; | ¢;n). Instead, only cer-
tain moments are required for parameter estimation. Our GMM is related to recent

moment tensor methods developed for latent variable models including mixture of
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Gaussians, hidden Markov models, mixed membership models, and stochastic block
models (Arora et al., 2012; Anandkumar et al., 2012a,b; Hsu and Kakade, 2013;
Anandkumar et al., 2014a,b). However our GMM is different from previous meth-
ods in that heterogeneous low order polynomials are used instead of homogeneous
polynomials.

In this section we first review moment methods in parameter estimation. Then
we introduce the moment functions and the quadratic objectives for our generalized

latent Dirichlet model (3.2).
3.2.1 A brief summary of generalized method of moments

Using the method of moments (MM) to perform parameter estimation has a long
history, dating back to Pearson’s method to estimate a mixture of two Gaussian
distributions (Pearson, 1894). The idea behind MM is to derive a list of moment
functions that have expectation of zero at the true parameter values. For a set
of observations y; with ¢« = 1,...,n, MM specifies £ moment functions to form a
moment vector f(y;,0) = (fi(y:,0),..., fo(y;,0))" satisfying E[ f(y;,0)] = 0 at the
true parameter @ = 0y € ® < RP. A parameter estimate can be found by solving

the ¢ sample equations with p unknowns

A~

0 such that f,(0) =

S|

i f(y;,0) =0 at 6. (3.8)

When f(y;, 0) is linear in 0 (e.g., linear regression with instrumental variables) with
independent moment conditions and ¢ = p, then @ can be uniquely determined.
When ¢ > p, the system in (3.8) might be over-determined, in which case standard
MM cannot be applied.

Generalized method of moments (GMM) addresses this problem by minimizing

the following quadratic equation
0 = arg min [Qu(6; A,) = £.(6) A £.(6)], (3.9)
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where A, is a positive semidefinite weight matrix. Hansen establishes the asymptotic
theory of GMM estimators (Hansen, 1982). The efficiencies of GMM estimators are
shown to depend on the weight matrix. The asymptotically optimal weight matrix

can be chosen such that

Al =8, = Var[n'2£,(0)].

Hansen proposes a two stage estimation procedure in which an initial estimate of 0 is
found using a suboptimal weight matrix, such as the identity. This initial parameter
estimate is then used to calculate the weight matrix A,,. This updated matrix is
then used in (3.9) to obtain the final parameter estimate (Hall, 2005). Consistency
and asymptotic normality of GMM has been studied by Hansen (1982).

Methods of applications of GMM to latent variable models with structural as-
sumptions also have a long history. Those methods match certain sample moment
statistics to their population counterparts. Minimizing their weighted distance gen-
erates a generalized least square estimator (Browne, 1973; Bentler, 1983; Anderson
and Gerbing, 1988). Although those methods are called generalized least square
methods, they share the same idea with the GMM estimator. More recently, Gallant
et al. (2013) apply GMM to a specific class of latent variable models by defining
moment conditions based on the complete data, including the latent variables. In
contrast, Bollen et al. (2014) rely on a model-implied instrumental variable to find a
GMM estimator. Generally, current GMM approaches focus on latent variable mod-
els that satisfy restrictive assumptions or require the instantiation of latent variables

in a computationally intensive estimation algorithm.
3.2.2  Moment functions in MELD

In this subsection we describe the GMM developed for your generalized latent Dirich-
let variable models. Applying GMM to all of the parameters in model (3.2) is not
feasible due to the massive dimensionality of the parameter space. Higher-order
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moment functions are complex and involve large numbers of unknowns. They are
also unstable often with large variances. We will build on the moment tensor meth-
ods established recently and define moment functions that depend on lower order
moients.

A series of recent work about using moment tensors to estimate parameters in
latent variable models have been proposed. Hsu et al. (2012); Anandkumar et al.
(2012a,b) are believed to be first papers using methods of moments with third order
moment tensor to perform parameter estimation. The authors show that second
order moment matrix and third order moment tensor have a decomposable form for
certain latent variable models including hidden Markov model, independent compo-
nent analysis and latent Dirichlet allocation model. Parameter estimation is con-
ducted by first projecting the third order moment tensor to a matrix and then using
singular value decompositions (SVD’s) to the projected matrix and the original sec-
ond order moment matrix. Model parameters can be recovered from the singular
values/vectors. Arora et al. (2012) extend the SVD approach to nonnegative matrix
factorization (NMF). Hsu and Kakade (2013) develop a method of moments for mix-
ture of spherical Gaussians. Anandkumar et al. (2014a) study the stochastic block
model using the similar idea. Anandkumar et al. (2014b) further establish tensor
power methods for parameter estimations using moment tensors. The moment tensor
approach offers substantial computational advantages over other methods, as illus-
trated in various applications (Tung and Smola, 2014; Anandkumar et al., 2014a;
Colombo and Vlassis, 2015).

We now state the GMM developed in this chapter. Recall that y;; is the jth
variable for subject i, which may include various data types, including continuous,
categorical, or count data. We encode y;; as follows. When y;; is a categorical
variable, it is represented as a binary vector b;;, where the ¢;th coordinate is set to
one and all others are zero, where ¢; is the category of observation y;;. If y;; is a
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non-categorical variable, then b;; = y;; is a scalar value. The variable b;; represents
y;; with mixed data types in the moment functions. In the following, we assume
that there are k latent components and that the latent Dirichlet variable x; follows
a Dirichlet distribution with parameter o = (v, ..., ax)". We let o = 22:1 ap. We

let ¢;, denote the mean parameter of b;; in component h

Gjn = E(byj|mi; = h).

When y;; is categorical, ¢;;, is a vector. When y;; is a scalar, ¢;, is also a scalar.

We define the following two types of moment functions

(2) _ o
F;; ' (yi, ®) = bjj o by — a0t 1

piop— A0 (3.10)

1<y,t<p,j#t

F'(3)('!Jz'> (I)) = bij o b;s 0 by

st

Qo
Oéo+2

<bij o bis o My + Hj © bis o bz’t + bij O Mg © bzt)

2
20

+ (ao T 1)(@0 + 2)"1’] O,J/SOIJ/t 7A(3) X1 (bj X9 ¢8 X3 @t’ <311)

1<],S,t<p,j7é8¢t

Here p; = E(b;) = ®;a/ap for j = 1,...,p. A® = diag(e/[ag(ap + 1)]) and
A® is a three-way diagonal tensor with )\23) = 2ay/[ao(ap + 1)(ap + 2)] on the
diagonal for h = 1,... k. We use o to denote an outer product, and use x; to
indicate multiplication of a tensor with a matrix for mode s. The second moment
function Fj(f)(yi, ®) is a d; x d; matrix, and the third moment function Fj(ft)(yi, D)
is a d; x ds x d; tensor. We set d; = 1 when the jth variable is non-categorical.

The following theorem states that, at the true parameter value, the expectations

of the moment functions are zero. The proof can be found in Appendix B.1.
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Theorem 3.1 (Moment conditions in MELD). The ezpectations of the second mo-

ment matriz Fj(f) (yi, ®) and third moment tensor 14"]»(8312(%7 ®) defined in (3.10) and

(3.11) are zero at true model parameter values ®g

E[F (y;, )] =0, E[F)(y;, ®)] = 0.

gst

3.2.3  Two stage optimal estimation

We will use the two types of moment functions in (3.10) and (3.11) in Hansen’s two
stage optimal GMM estimation procedure. We re-state Hansen’s two stage GMM

estimation procedure as follows
(1) Estimate = arg ming [Qn(6; 1) = £.(0)7 £.(6)].

(2) Given 6 calculate S, and set A, = S .

(3) Compute 0 = arg ming [Qn(e; A,) = fn(O)TAnfn(O)] as final estimator.

Based on F‘j(f) (y;, ®) and Fj(ft) (y;, ®), we now define two versions of moment

vectors by stacking the second moment matrices and third moment tensors

£O(y,, ®) - (vec[Ff? (5, B vee F2 (s, )],

2p

.
vec[Fyy (5, ®)]7, ..., vec[Fy) (yi, @)]7, ..., vec[F2) (ys, @)]T) . (3.12)
FO(y;, ®) = (vec[Ff? (i, @), .., vee[ B2 (yi, @),
vee [ F{(yi, ®)]7, .. vec[ Fis) (i, ®)] 7,

.
vec[F3) (ys, ®)]7, ..., vec[Fian(yi, ®)]T ..., vec[F) (yi,tﬁ)]T> . (3.13)

_27p_17p

The first version of moment vector £ (y;, ®) depends on second moment matrices
and the second version of moment vector & (y;, ®) depends on both second moment
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matrices and third moment tensors. The vectorized moment matrices and tensors
are ordered in a way that the subscript index on the right side runs faster than the
subscript index on the left. The second moment matrix F'j(tz) (y;, @) is symmetric, so
we only need to consider the matrices with j < ¢ in the moment vectors. Assuming d
levels for y; results in a moment vector of dimension p(p—1)d?/2. The third moment

tensor F( )

Ust (Yi, @) is also symmetric with respect to its indices, so we only include

moment tensors with j < s < ¢t when f®(y;, ®) is formed. The dimension of the
second version of moment vector is p(p — 1)d?/2 + [p* — 3p(p — 1) — p] d*/6.

We now state the quadratic functions we use for parameter estimation as follows

QY@ AY) = £7(2) AP £2(®), (3.14)
QY (®: AY) = £P(@) AV £7(®), (3.15)

where f,(LQ)(q)) and fT(L3)(<I>) are sample estimates of the expectations of the moment

vectors

3I'—

Z ym 7

SI»—

Zyz,,n

and AP and AY are two positive semidefinite matrices. When we calculate ff)((ﬁ),

p; and p; in f@(y;, @) are replaced by their sample estimates
1 & 1 &
[ = - b17 [ = - bl 9

instead of their parametric counterparts ®;o /g and ®.a/a respectively. Similarly
fi;, fis and fi; are used in f® (y,;, ®) for calculating f,(Lg)(fI)). Avoiding using their
parametric forms allows us to develop a fast coordinate descent algorithm for GMM
estimation.

In the first stage, we set AY to an identity matrix. Then the quadratic functions

n (3.14) and (3.15) can be re-written as follows

hS]

p—1
QY@ 1))=Y > [|[F(®)[}3.
j=1t 1

+

=J

66



p
QW@ 1) =) > [F? HF+Z Z 2 1ES (@)%,

j=1t=5+1 j=1s=j+1t=s+1

where F (2)

n,jt

(®) and F!

Y m(@) are sample estimates of the expectations of the second

moment matrix and third moment tensor with p;, ps and p; replaced by fi;, s and
f; , and || - ||% indicates the Frobenius norm, the element-wise sum of squares.

We obtain a first stage estimator of ® by minimizing the quadratic forms using
Newton-Raphson. Note that only the last term of F

(‘I>) and F" (®) involves

n,jt njst
unknown parameter ®. For simplicity we denote
EY), - F2\ (@) + 2,009/, (3.16)
ET(Lj)st = FTE])St((ﬁ) + A(B) X1 ¢j X9 @s X3 @t. (317)

Note that E( n e and E ]St can be computed directly from the samples. We optimize
¢, with other mean parameters fixed. After calculating the gradient and Hessian

of Q@ (¢jn, I), the update rule simply becomes

S =" 7 (3.18)
A Y dhdu

t=1,t#j

where ES) - EY — D hen )\h, @jn © Py and )\( ) is the hth diagonal entry of A(?

n ,Jt
The update rule for ¢;; with Q® (¢;n, I) can be calculated as

V4 _ P p I
A S (B )T+ Y [ > (ESji-stxmshx?,quf]
o) = t=1,t#£] s=1,5#j | t=1,t%£s,t#]
jh — p D D ’
A2 S @l gun+ (D)2 3 [ » <¢;¢sh><¢;¢m>]

t=1,t#j s=1,s#7 L t=1,t#s,t#j

(3.19)

where Ei ;st = Engj)st D sk /\h, Din 0Psp 0Py . A h )is the hth diagonal entry of A®)
The derivations can be found in Appendix B.5. After updating ¢;; using the above
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equations, we retract ¢, to its probability simplex when y;; is a categorical variable.
We use the difference of the objective function between two iterations divided by the
dimension of the moment vector to determine convergence. In particular, we stop
iterations when this value is smaller than 1 x 107°.

After an initial consistent estimate of ® is found, we calculate the asymptotic
covariance matrix of moment functions S’ and define a new weight matrix AY) =
(57({))_1 for a second stage GMM estimation. The form of S{) can be derived an-
alytically, and we provide the results in the Appendix B.6. In our implementation,
the calculation of A requires the inversion of a full-rank dense matrix S with
dimension scaling as O(p?d?) for f,(LQ)(q)) and O(p3d?) for f,(f’)(cb). In addition, when
including the off-diagonal entries in the weight matrix, the updating rules become
intrinsically complicated. In practice, we only extract the diagonal elements of s!)
and let AY) =1 /diag[(S,({ ))] in the second stage estimation. This approximation has
been used in previous GMM implementations (Joreskog and Sérbom, 1987). The
gradient descent update equations can be found by slight modification of (3.18) and
(3.19) with weights included.

Note that the moment functions do not solve the identifiability problems with
respect to ®. When « is a constant vector, any permutation 7 of 1,... k with
®;(7) = (Pjra), - - Pjry) for all j =1,..., p satisfies the moment condition. This
problem is inherited from the label switching problem in mixture models. A similar
situation occurs when there are ties in a and the permutation is restricted to each tie.
However, in real world applications, a minimizer of the quadratic function is generally
sufficient to find a parameter estimate that is close to a unique configuration of the

true parameter.
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Properties of parameter estimates

We use GMM asymptotic theory to show that parameter estimate in MELD is consis-
tent. We assume the following regularity conditions on f (')(yi, ®) and the parameter

space ©.

Assumption 3.1 (Regularity conditions (Assumption 3.2, 3.9 and 3.10. (Hall,
2005))). 1) fO(y;, @) is continuous on © for all y; € V; 2) E[fV(y;, ®)] <

and continuous for ® € ©; 3) O is compact and El[supg.e||F (yi, ®)||] < .

Remark 3.1. Conditions 1) and 2) are satisfied in MELD. Condition 3) is also sat-
isfied, noting that ¢, € A%~! = R% is compact for categorical variables. For a
non-categorical variable, we could restrict our parameter space to a large compact
domain such as closed intervals across the real line without sacrificing practical per-

formance.

With these conditions, we further assume that the weight matrix AY converges
to a positive definite matrix A®) in probability. We define the population analogs of

the quadratic functions as

QP (®; A?) = E[f? (y;, ®)|TAPE[f?(y;, ®)], (3.20)
QY (@; A®)) = B[P (y;, )] AVE[£O) (y;, ®)]. (3.21)

We have the following lemma showing the uniform convergence of Qg)(fI); Ag)).

Lemma 3.1 (Uniform convergence (Lemma 3.1 (Hall, 2005))). Under regularity
conditions in Assumption 3.1,

sup [QP (®; AD) — QP (®; AD)| L0 sup |QP(@; AD)) — QP (@; A®)| L 0,
PcO PcO

Theorem 3.2 (Consistency). Under the same conditions in Lemma 3.1, the es-
timator ®@ that minimizes Q%Z)(Q;Aq(f)) converges to the true parameter ®y in
probability. A similar result holds for OB that minimizes Q%g)(q); AP ).
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The proof can be found in Appendix B.2. Briefly, following Hall (2005), we first
show that @) minimizes Qg)(@; AU)) with probability one as n — o. Then the
theorem can be proved.

The asymptotic normality of ®® and ®® can also be established by assuming
the following conditions on Jf)(y;, ®)/0®.

Assumption 3.2 (Conditions on 0f")(y;, ®)/0® (Assumptions 3.5, 3.12 and 3.13.
(Hall, 2005))). 1) 0f)(y;, ®)/0® exists and is continuous on © for all y; € V;
2) ®, is an interior point of ©; 8) E[0f") (y;, ®)/0®] = G(()')(@) < 0; 4) G(()')(CIZ') is
continuous on some neighborhood N, of ®o; 5) the sample estimate GS;)(@) uniformly
converges to G(()')(Q)).

Remark 3.2. We derive 0f")(y;, ®)/0® in Appendix B.4. Conditions 1, 3, and 4 are
satisfied in MELD. Condition 5 can be shown with continuousness of the derivative

and the compactness of ©.

Theorem 3.3 (Asymptotic normality). With Assumptions 3.1 and 3.2, we have

n'/? <vec($(')) - vec(<I>0)> 2, N(O’ M(')S(')(M(-))T>

with

MY = [(G))TAYGPTH(Gy)TAY,
where G\ = E[0f0)(y;, ®)/0®]|6_s, and SO = lim,_,, Var[n2f{’(®)]. The
proof can be found in Appendix B.3. The optimal estimator can be obtained so that

the weight matrix A — A0 = (80))~! (Hansen, 1982).
Recovering membership variables

Given an estimate of the parameter @, we can calculate estimate of membership

allocation m;; for each y;;. For categorical variables, we find the {m,;} that maximize

(i} = argmax (ﬁ ﬁ T > (3.22)

{m;} j=1i=1h=1
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Here 1 is the indicator function. The solution can be calculated using

Mij = al"gmax(qzzjhyij) forh=1,...,k.
h

For non-categorical variables, we find the {m;;} that minimizes the distance metric

’fflij = argmin D(ggjhu yz]) for h = 17 <oy k. (323)
h

The negative log density is a natural metric. Once the {m;;} are allocated, subject

mixture proportion x; can be estimated from those membership variables.
3.2.4 Model selection using goodness of fit tests

We discuss how to choose the value of k in this subsection using goodness of fit tests.
With the optimal weight matrix AY - (§))~1, the values of the objective function
can be used to construct tests similar to the classical trio tests in the maximum
likelihood (ML) context: the Wald, Lagrange multiplier (score) and likelihood ratio
tests (Newey and West, 1987). Under the null those test statistics asymptotically
follow a chi-squared distribution. We could construct a sequence of test statistics
under different values of k to access the goodness of fit in MELD. However this
approach requires the calculations of optimal weight matrices and needs large matrix
inversions. We avoid this approach in following analysis. Alternatively we assess the
goodness of fit using two methods, one is an information criterion based on complete
likelihood, the integrated complete likelihood (ICL) (Biernacki et al., 2000), and one
is a fitness index proposed by Bentler (1983). Both of the methods do not require
calculation of optimal weight matrices.

The ICL method is similar to the classical Bayesian information criterion (BIC)
which approximates the integrated likelihood (Schwarz, 1978). However ICL does
not require integration of latent variables to get a marginal likelihood. Instead it

is based on complete likelihood. Write the integrated likelihood of complete data
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(Y, M) (Biernacki et al., 2000) in MELD

p(Y, M|k, ) J (HJ yz,mi]q),wi)p(@,mi\k,a)dwi>d¢
_ L (Y| M, &)p(®|k)AD x ]j Lip(ml-|wi)p(:ci]k,a)dmi, (3.24)

where m; = (my;,...,my)". The first term in the right hand side of (3.24) can
be computed by assigning ® a prior distribution p(®|k). When the data are all

categorical, this term can be calculated in a closed form with a prior ¢, ~ Dir(3;)

p k dle Ojhe c Cj
Lp(Y|M,<I>)p(¢|’f)d‘I’ HH (ZC o]h(c +]Z+ 661))1_[(2 fﬁ))

where 0jp; is the number of subjects with jth variable taking c;th category and

belonging to hth component, and I'(+) is the gamma function. When the closed form
integration does not exist, we use BIC to approximate the logarithm of the term,
generating

log p(Y | M, k) ~ maxlog p(Y| M, &, k) - glog(n).

Here v is the number of free parameters in ®. The second term in (3.24) has a closed

form solution in MELD

(my|x;)p(x;|k, a)dx; = : I'() Hi=1 I'(nin + o)
HJ o b )de: _H <HZ—1F<O%> [(p + a) )7

where n;, is the number of variables belonging to component A in subject 7. In our
GMM framework we plugin our GMM estimator ® and the recovered membership

variable M to get following ICL criterion
ICL = —2log(Y'| M, ®, k) + vlog(n) — 2K (M), (3.25)

where

n k k
K(M) =nlogT'(ap) ZZ log I'(np, + aup) —nZlogF ap) —nlog'(p + ap).
im1he1 h=1
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The ICL can be viewed as follows. The first two terms in the right hand side of
(3.25) is a penalized likelihood assuming the membership variables are known. The
last term introduces an additional penalty to penalize the fitness of the membership
variables. It has been shown to generate good model selection behavior in mixture
of Gaussians (Steele and Raftery, 2010). Small values of ICL suggest good fit.

As a second method, we use the fitness index (FI) proposed by Bentler (1983).
The FI is based on the value of the objective function evaluated at parameter estimate
and it is defined as

Q&0 a0)
e

FI = 1 (3.26)

() for j <t or EY)

n,jst

is the vectorization of E%) for j < s < t. This fitness

where e ot
index is for any weight matrix AY. Tt can be viewed as a normalized objective
function and its value is smaller than one. Large values of FI suggest good fit.

In our simulations, which will be shown in detail in Section 3.3, we find the ICL

criterion favors small model greatly. Therefore only the results of using FI are shown.
3.2.5 Computational complexity

The calculation of the moment statistics and the weight matrices are performed
once. The complexity of calculating ET(sz)t for all j,t requires accessing all the data,
and has complexity O(p*n). Similarly, calculating EY forall J, s, t requires O(p3n)

n,jst
complexity. The calculation of the optimal weight matrix for f,g2)(<1>) requires O(p?k)
and for f,SS)(cb) it requires O(p*k). We now discuss the computational complexity
of MELD per iteration. For simplicity, we assume that the number of levels of
y;; are fixed across dimensions. For the first version of our GMM with objective
function Qﬁ?’(q), I), each Newton-Raphson update has complexity O(p). Thus, the

total complexity for each iteration is O(p?*k). For our second version of GMM with
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objective function Q%g)(q), I), each Newton-Raphson update takes O(p?), thus the
overall complexity is O(p3k).

We now analyze the number of moment functions and number of free parameters
in MELD. Assuming the number of levels d of y;; is the same across dimensions,
the number of free parameters in ® is pk(d — 1). The number of moment functions
using ng)((I),I) is p(p — 1)d?/2. When p(p — 1)d?/2 > pk(d — 1), the moment
vector ff)(fb) provide sufficient restrictions satisfying its expected first derivative
G(()z)(fb) of full column rank, and the GMM estimator is consistent. For example,
when d = 5 and k = 4, we need p > 2 to provide consistent estimators. When we
include third moment tensors in the moment vector f};’)(fﬁ), the number of moment
functions becomes [p* — 3p(p — 1) — p]d®/6 + p(p — 1)d?/2, which scales with O(p?).
Our second version of GMM includes additional moment restrictions, and hence is
more efficient compared to our first version of GMM estimators, as shown in our
simulation studies. However, the tradeoff is increased computational complexity and
decreased robustness to violations of model assumptions.

One notable feature of our GMM algorithms is that, after passing through all of
the samples and calculating certain moment statistics, parameter estimations only

depend on the two quantities E,(lzj)t and B This feature allows our method to

n,jst*

perform fast parameter estimations when applied to modern data sets with large

sample sizes because we only need to scan all of the samples once.
3.3 Simulations

In this section, we evaluate the accuracy and run time of MELD in simulations with
both categorical and mixed data types. We use two stage estimations described in
previous sections. In the first stage an identity weight matrix is used. In second

stage we set AY) =1 /diag[(ng'))]. For notation convenience we suppress the weight
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matrix A®) and subscript n in the objective functions Qg)(@, AL).
3.3.1 Categorical data

For simulations with categorical data, we consider two settings: 1) a low dimen-
sional setting (p = 20) so that both second and third order moment functions may
be efficiently calculated; 2) a moderate dimensional setting (p = 100) to estimate
population structure of genomic data under Hardy-Weinberg equilibrium (HWE)
and non-HWE.

Low dimensional simulations We simulate p = 20 categorical variables in this setting,
each with d = 4 levels. We set the number of components to £ = 3 and generate
¢;1, from Dir(0.5,0.5,0.5,0.5) with h = 1,..., k. « is set to (0.1,0.1,0.1)T. We
draw n = {50,100, 200, 500, 1,000} samples from the generative model in equation
(3.2) with g¢;(¢j») a multinomial distribution. For each value of n, we generate
ten independent data sets. We run MELD for different values of & = {1,...,5}.
The FI criterion consistently chooses the correct number of latent components k
in first stage estimation with both Q®(®) and Q® (®) (Table 3.1). For second
stage, FI does not perform well. It overestimates the number of components with
Q@ (®) and simulations under n = 50,100 with Q® (®). For larger sample sizes,
FI underestimates the number of comoponents with Q®)(®). The trajectories of
the objective functions under different values of k are shown in Figure 3.1. The
convergence of parameter estimations on the ten simulated data sets under n = 1,000
and k = 3 is shown in Figure 3.2. MELD converged in about 25 iterations with
Q® (@) and in about 10 iterations with Q©)(®).

We use mean squared error (MSE) between the estimated mean parameters of
yi;'s and their true mean parameters to evaluate the precision of estimation. The

estimated mean parameters of y;;’s are calculated by recovering their membership
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Table 3.1: Goodness of fit tests using the fitness index (FI) in low dimensional
categorical simulation. Larger values of FI indicate better fit, with the maximum
Results shown are based on ten simulated data sets for each value of n.

at one.

Standard deviations of FI are provided in parentheses.

n E Q@ (®) 1st stage Q@) (®) 2nd stage QOB (®) Ist stage Q) (P) 2nd stage
1 0.824(0.020) -1.865(4.950) 0.585(0.031) -27.987(40.128)
2 0.908(0.011) -1.285(2.630) 0.745(0.032) -27.240(54.415)
50 3 0.930(0.004) 0.570(0.044) 0.775(0.022) -27.713(42.607)
4 0.901(0.010) 0.588(0.032) 0.735(0.023) 0.254(0.090)
5 0.795(0.033) 0.686(0.021) 0.653(0.024) 0.305(0.091)
1 0.860(0.012) -0.521(2.142) 0.651(0.021) -0.031(0.703)
2 0.930(0.011) 0.282(0.644) 0.795(0.030) -4.457(8.924)
100 3 0.960(0.005) 0.677(0.044) 0.851(0.009) -4.868(11.889)
4 0.942(0.012) 0.691(0.042) 0.822(0.010) 0.225(0.019)
5 0.863(0.046) 0.782(0.022) 0.768(0.044) 0.232(0.080)
1 0.869(0.012) 0.679(0.060) 0.682(0.021) 0.298(0.070)
2 0.940(0.007) 0.699(0.047) 0.838(0.014) 0.306(0.054)
200 3 0.980(0.001) 0.761(0.061) 0.919(0.004) 0.278(0.049)
4 0.967(0.006) 0.780(0.019) 0.891(0.008) 0.287(0.050)
5 0.911(0.017) 0.824(0.008) 0.864(0.015) 0.286(0.042)
1 0.882(0.007) 0.783(0.022) 0.713(0.012) 0.414(0.080)
2 0.948(0.006) 0.799(0.019) 0.870(0.013) 0.427(0.080)
500 3 0.992(<0.001) 0.884(0.024) 0.966(0.001) 0.388(0.073)
4 0.983(0.004) 0.874(0.026) 0.938(0.005) 0.365(0.065)
5 0.937(0.014) 0.894(0.006) 0.921(0.007) 0.353(0.042)
1 0.888(0.003) 0.828(0.006) 0.729(0.008) 0.571(0.017)
2 0.951(0.003) 0.855(0.009) 0.881(0.008) 0.615(0.030)
1,000 3  0.996(<0.001) 0.950(0.005) 0.982(0.001) 0.609(0.031)
4 0.989(0.002) 0.938(0.004) 0.961(0.003) 0.579(0.030)
5 0.953(0.010) 0.932(0.006) 0.951(0.006) 0.550(0.034)

variables using (3.22). We compare our method with the simplex factor model (SFM)
(Bhattacharya and Dunson, 2012) and latent Dirichlet allocation (LDA) (Blei et al.,
2003) on the ten simulated data sets. For the SFM, we run 10,000 steps of MCMC
with fixed k and a burn-in of 5, 000 iterations. Posterior thinned samples are collected
by keeping one posterior draw after every 50 steps. From the posterior samples
we calculate posterior mean as our estimate. For the LDA model, we use the 1da
package in R (Chang, 2012) with collapsed Gibbs sampling. We use the same number
of MCMC iterations and burn-in iterations as with SFM. The Dirichlet parameter

for mixture proportions is set to @ = 0.1 and the Dirichlet parameter for topic

distributions is set to 5 = 0.5.
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FIGURE 3.1: Parameter estimation with MELD in the low dimensional categorical
simulations. Parameters are estimated with Q) (®) and Q) (®) on 10 simulated
data sets with n = 1,000 and k = 3. Results shown are for first stage estimation.

MSE’s with different values of k are shown in Figure 3.3 (values are shown in Table
B.1) and the running times of different methods are reported in Table 3.2. MELD
Q®)(®) with first stage estimation has the most accurate parameter estimation and
fastest running speed in most cases. The second stage of MELD Q) (®) does not
perform well with small values of n (i.e., n = 50), but estimation accuracy is better
when n is larger. SFM has comparable MSE’s when n is not large. However when
n = 500 and 1,000, MELD outperforms SFM.

We further evaluate performance in the presence of contamination. For each
simulated data set, we randomly replace a proportion of observations (4% and 10%)
with draws from a discrete uniform distribution. The MSE’s under different values
of k are shown in Figure 3.3. With 4% contamination, MELD has the most accurate
parameter estimation in almost all cases. MELD Q) (®) with first stage estimation

performs the best, followed by MELD Q®)(®) with first stage estimation. The
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F1cURE 3.2: Convergence of parameter estimation with MELD in the low dimen-
sional categorical simulation. Results plotted are for ten simulated data sets with
n = 1,000 and k£ = 3 in the first stage estimation. True parameter values are shown
as dark lines.

MSE’s of SFM increase. When we increase contamination to 10%, MELD has the
most accurate MSE in all cases. MELD Q®(®) with first stage estimation performs
best, followed by MELD Q) (®) with second stage estimation. MELD Q®(®)
consistently performs better than Q®)(®), suggesting the robustness of using lower

order moments in parameter estimation.

Inference of population structure In this setting, we simulate genotype data from
an admixed population of a diploid species. Each observation y;; is a categorical
variable with three levels {0, 1,2} representing the genotype at locus j in subject
1. The number represents the number of copes of the reference alleles on the two

copies of the chromosome. We first assume that the genotype distribution is in
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Table 3.2: Comparison of total running time in seconds between MELD, SFM, and
LDA in categorical simulation. Methods are run on a Intel(R) Core i7-3770 CPU at
3.40GHz machine. MELD represents the averaged running time for the first stage
estimation on the ten simulated data sets for each value of n. Average number of
iterations to convergence are in parentheses. The second stage estimation requires
one or two additional iterations starting from the parameters estimated in the first
stage.

n k. MELD Q®(®) MELD Q®)(®) SFM LDA
1 0.026(2) 0.489(2) 9.199  0.104
2 0.221(9) 2.083(5) 27.058  0.156
50 3 0.410(11) 4.645(7) 44.758  0.207
4 0.681(13) 6.765(7) 54.122  0.254
5 0.921(14) 9.495(8) 66.367  0.301
1 0.022(2) 0.418(2) 7.203  0.208
2 0.192(7) 2.333(5) 25.980  0.309
100 3 0.364(9) 3.942(6) 46.337  0.407
4 0.588(11) 5.577(6) 64.178  0.502
5 0.934(15) 7.795(7) 82.907  0.593
1 0.028(2) 0.470(2) 9.463  0.416
2 0.227(9) 2.185(5) 31.547  0.617
200 3 0.400(10) 3.914(6) 53.503  0.811
4 0.658(13) 5.869(6) 63.947  1.001
5 0.983(15) 8.498(8) 75.846  1.183
1 0.017(1) 0.409(2) 15.611  1.060
2 0.276(11) 3.222(7) 41.810  1.566
500 3 0.397(10) 4.107(6) 55.475  2.048
4 0.578(11) 5.083(6) 87.932  2.512
5 0.954(15) 7.070(6) 93.092  2.967
1 0.016(1) 0.413(2) 25.923  2.148
2 0.289(11) 3.287(7) 57.390  3.151
1,000 3 0.371(10) 3.901(6) 89.434  4.108
4 0.614(12) 5.065(6) 111.845  5.043
5 1.000(16) 7.047(6) 146.234  5.946

Hardy-Weinberg equilibrium (HWE), which means that the two copies of the allele
are independently inherited from the two parents with a common reference allele
frequency. Let the reference frequency of an allele in the population be 7(*). Then the
probability of observing genotypes 0, 1, and 2 are (1—7()2, 2(1—7(@)7(® and (7(®)?2,
respectively. We simulate genotype data for 100 loci for n = {50, 100, 200, 500, 1,000}
subjects. The reference allele frequencies for each population are drawn uniformly
from (0.05,0.95). Then we relax the HWE assumption and assume the genotype

distribution to follow a multinomial distribution with three outcomes, the non-HWE
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FIGURE 3.3: Comparison of mean squared error (MSE) of estimated parameters
in categorical simulations. For SFM and LDA, posterior means of parameters are
calculated using 100 posterior draws on each of the ten simulated data sets. The
values of the MSE’s and their standard deviations are in Table B.1, B.2 and B.3.

case. The non-HWE can be thought as the case where the reference allele has
different frequencies on the two copies of the chromosome. Let 7\* and 7{" be
their frequencies. Then the probability of observing genotypes 0, 1, and 2 are (1 —
W%a))(l - ﬂéa)), (1-— W%a))wéa) + (1 — wé“))ﬂ“) = wﬁ“) + Wéa) — 27r§a)7réa) and W%a)ﬂéa),
respectively. We generate the multinomial parameters of genotype distributions by
drawing from Dir(0.5,0.5,0.5), from which " and 7" could be determined. The
number of populations is set to k& = 4, with mixture proportions x; drawn from
Dir(0.1,0.1,0.1,0.1). For each value of n, ten data sets are generated. We apply
MELD with Q® (®) to these simulated data setting the number of latent populations
to k= 1{1,...,5}.

Evaluating the goodness of fit across k’s, FI chooses the correct number of latent
populations in most cases (Table 3.3). We compare MELD with SFM, LDA, and two
state-of-the-art methods in population genetics: ADMIXTURE (ADM) (Alexander
et al., 2009) and Logistic factor analysis (LFA) (Hao et al., 2013). ADM uses a fast

likelihood-based approach to estimate the allele frequencies in each population (a pxk
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Table 3.3: Goodness of fit tests using the fitness index (FI) in simulation of inference
of population structure. Larger values of FI indicate better fit, with the maximum
at one. Results shown are based on ten simulated data sets for each value of n.
Standard deviations of FI are provided in parentheses.

HWE non-HWE
n E Q@) (®) 1st stage QP (®) 2nd stage Q) (®) 1st stage Q) (®) 2nd stage
1 0.921(0.004) 0.816(0.013) 0.916(0.008) 0.614(0.116)
2 0.929(0.003) 0.820(0.014) 0.934(0.007) 0.662(0.062)
50 3 0.932(0.002) 0.827(0.009) 0.949(0.005) 0.734(0.017)
4 0.931(0.004) 0.834(0.009) 0.953(0.004) 0.776(0.004)
5 0.919(0.003) 0.831(0.006) 0.925(0.009) 0.795(0.007)
1 0.948(0.002) 0.886(0.007) 0.934(0.004) 0.801(0.011)
2 0.955(0.002) 0.890(0.008) 0.951(0.004) 0.810(0.016)
100 3 0.960(0.001) 0.898(0.007) 0.965(0.004) 0.833(0.016)
4 0.961(0.002) 0.912(0.003) 0.975(0.002) 0.872(0.011)
5 0.951(0.003) 0.910(0.002) 0.960(0.006) 0.877(0.004)
1 0.963(0.002) 0.926(0.002) 0.944(0.002) 0.856(0.004)
2 0.971(0.001) 0.935(0.002) 0.959(0.002) 0.870(0.004)
200 3 0.976(0.001) 0.944(0.002) 0.974(0.002) 0.895(0.005)
4 0.978(0.001) 0.956(0.001) 0.988(0.001) 0.933(0.005)
5 0.971(0.001) 0.953(0.001) 0.974(0.006) 0.930(0.004)
1 0.973(0.001) 0.950(0.002) 0.950(0.001) 0.890(0.002)
2 0.980(0.001) 0.960(0.001) 0.962(0.002) 0.905(0.005)
500 3 0.986(0.001) 0.971(0.001) 0.977(0.002) 0.927(0.010)
4 0.990(0.002) 0.981(0.001) 0.995(<0.001) 0.973(0.001)
5 0.983(0.001) 0.979(0.001) 0.986(0.003) 0.966(0.002)
1 0.976(0.001) 0.957(0.001) 0.953(0.001) 0.901(0.002)
2 0.983(0.001) 0.967(0.001) 0.965(0.001) 0.920(0.004)
1,000 3 0.989(0.001) 0.979(0.001) 0.979(0.002) 0.939(0.009)
4 0.995(0.001) 0.990(<0.001)  0.998(<0.001) 0.986(0.001)
5 0.989(0.001) 0.989(<0.001) 0.989(0.002) 0.979(0.001)

matrix), and mixture proportions for each subject (a k x n matrix) in an admixture
model (Pritchard et al., 2000b). Then, the allele frequency at locus j for subject i
can be calculated by multiplying the two matrices. The LFA model assumes the logit
of allele frequencies factorize to a product of two matrices. Parameter estimation is
performed using a modified PCA algorithm. Both models assume that the genotypes
are in HWE. We calculate the MSE’s between the mean parameters of the genotype
distributions of y;;’s and their true mean parameters. MELD Q®(®) in the first
stage estimation outperforms SFM, LDA and ADM in most cases. The LFA has

the most accurate parameter estimation under the correct value of k. LDA has the
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most stable performance across different values of &£ (Table B.4 and B.5). In terms
of speed, ADM has the fastest running time, followed by LDA and LFA. MELD is
faster than SFM.

3.83.2  Mixed data types

For simulations with mixed data we consider two settings: 1) a genetic association
study where DNA sequence variations influence a quantitative trait; 2) a general

setting with categorical, Gaussian, and Poisson variables.

Genetic quantitative trait association study We consider a simulation setting mimick-
ing applications in which DNA sequence variations influence a quantitative trait.
We generate a sequence of nucleotides {A, C, G, T} at 50 genetic loci along with a
continuous or integer-valued trait, leading to p = 51 variables. We set £ = 2 latent
components and simulate n = 1,000 individuals, with the first 500 from the first
component and the last 500 from the second component. We choose eight loci J =
{2,4,12,14,32,34, 42,44} to be associated with the trait. Their multinomial param-
eters for each of the two components are randomly drawn from Dir(0.5,0.5,0.5,0.5).
The distributions for nucleotides in other loci are set to Multi(0.25, 0.25,0.25, 0.25).
Continuous traits are drawn from N(—3,1) and N(3, 1), while count traits are drawn
from Poisson(5) and Poisson(10), respectively for the two components. Ten data sets
are simulated from the generative model of MELD in (3.2). To assess robustness,
we add contamination (e.g., through genotyping errors) by randomly replacing 4%,
10% and 20% of the nucleotides with values uniformly generated from {A,C, G, T'}.

We run MELD with first stage estimation of Q® (®). We choose the number of
components k = {1,...,5}. The fitness test indicates that FI chooses the correct
value of k on all ten data sets (Table 3.4). For each genomic locus, we calculate its

marginal frequency according to the simulated data, and then we compute the aver-
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Table 3.4: Goodness of fit test using the fitness index (FI) in a genetic association
simulation. Values closer to one indicate a better fit. Values shown are the results
of applying MELD Q® (@) with first stage estimation to ten simulated data sets.
Standard deviation of FI across the ten simulations are in parentheses.

k 1 2 3 4 5

Gaussian trait  0.982(<0.001) 0.984(<0.001) 0.977(0.003)  0.947(0.004)  0.915(0.005)

Poisson trait  0.997(<0.001) 0.999(<0.001) 0.998(0.001) 0.998(<0.001) 0.989(0.003)

aged KL distance between the estimated component distributions and the marginal

frequency as follows

1 & & Pr(ys; — ¢;|ms; — h)
KL(y;;) = — Pr(y;; = c;lm;; = h)1 g T ‘ 9
aveKL(y;;) ’ ,; Czl r(yij = ¢;lmi; = h)log ( N p——" ) (3.27)

A smaller averaged KL distance suggests that the component distributions are closer
to the marginal distribution, implying that the locus frequency is not differentiated
across components. The set J correspond exactly to the eight loci with largest
averaged KL distance (Table 3.5).

We compare MELD with the Bayesian copula factor model (Murray et al., 2013),
which estimates a correlation matrix C' between variables. From this estimate, we
compute partial correlations between the response variable (trait) and each genetic
locus (Hoff, 2007). We run MCMC for the Bayesian copula factor model 10,000
iterations with the correct value for k£ and a burn-in of 5,000 iterations. Posterior
samples are collected every 50 iterations. We then select genomic locations for which
their 95% credible intervals of the partial correlation does not include zero. The
resulting loci are shown in Table 3.5. The Bayesian copula factor model selects

nucleotides that are not in J and misses locus 32 in most cases.
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Table 3.5: Quantitative trait association simulation with 50 nucleotides and one
response. Nucleotides not in J = {2,4,12,14,32,34,42,44} are labeled by an under-
line and missing nucleotides are crossed out. Results shown are for one of the ten
simulated data sets. The complete results can be found in Table B.6 and B.7.

Response Contamination ‘ Q(Q)(tﬁ) 1st stage Bayesian copula factor model
0% {2,4,12,14,32,34,42, 44} {2,4,12,14, 18,27, 37,34,42, 44}
G ‘an 1% {2,4,12,14,32,34,42,44}  {2,4,12,14, 18,27, 37,34,42,44, 45}
AUSSIAN g 5oz (2,4,12,14,32,34,42, 44} {2,4,12, 14,27, 37, 34,42, 44, 49, 50}
20% {2,4,12,14,32,34,42,44}  {2,4,9,11,12, 14,20, 37, 34,42, 44}
0% {2,4,12,14,32,34,42, 44} {2,4,7,12,14, 37,34, 42, 44}
Poisson 4% {2,4,12,14,32,34,42, 44} {2,4,12,14, 37,34, 42, 44}
10% {2,4,12,14, 32, 34,42, 44} {2,4,7,12,14,16, 32, 34,42, 44}
20% {2,4,12,14,32,34,42, 44} {2,4,7,12, 14,32, 34, 35, 42, 44}

Mized variables with categorical, Gaussian, and Poisson distributions Next, we sim-
ulate data with p = 100 mixed variables. The first 95 variables are categori-
cal, each with d = 4 levels. We simulate two additional Gaussian variables and
three additional Poisson variables. We set the number of components to & = 2.
The multinomial parameters for variables in J; = {1,2,3,4,5} in the first compo-
nent and variables in Jy = {4,5,6,7,8} in the second component are drawn from
Dir(0.5,0.5,0.5,0.5). The distributions for the rest categorical variables in the two
components are set to Multi(0.25,0.25,0.25,0.25). The Gaussian variables are drawn
from N(—3,1) in component one and N(3,1) in component two. The Poisson vari-
ables are drawn from Poisson(5) and Poisson(10) in components one and two respec-
tively. The mixture proportions Dirichlet parameter c is set to (0.1,0.1)". Finally,
n = {50, 100, 200, 500, 1,000} samples are drawn from the generative model in (3.2).
For each value of n, ten data sets are simulated. Applying MELD using Q) (®) with
first stage estimation converges in fewer than 40 iterations with accurate estimates
of the mean parameters for the categorical, Gaussian, and Poisson variables (Figures

3.4A, 3.4B; Table B.8). In this simulation, FI again is consistently maximized at the
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correct value of the number of latent components (Table 3.6).
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F1GURE 3.4: MELD applied to simulated categorical, Gaussian, and Poisson mixed
data types. Parameters are estimated using MELD Q®)(®) on ten simulated data
sets with n = 1,000 and k£ = 2. Results shown are for the first stage estimation.
Panel A: Convergence of parameter estimates for categorical variables with true
parameters drawn as dark lines. Panel B: Convergence of parameter estimates for
Gaussian and Poisson variables with true parameters drawn as dark lines.

Table 3.6: Goodness of fit test using fitness index (FI) for categorical, Gaussian,
and Poisson mixed data simulation. Values of FI closer to one indicate a better fit.
Values shown are the results of applying MELD Q®)(®) on ten simulated data sets.
Standard deviations of FI across the ten simulations are in parentheses.

k 1 2 3 4

" 50 Ist stage  0.985(0.005)  0.993(0.002)  0.993(0.002)  0.993(0.002)
= 2nd stage  0.059(1.988)  0.750(0.006)  0.732(0.006)  0.711(0.007)
100 Ist stage  0.989(0.003)  0.997(0.001)  0.997(0.001)  0.997(<0.001)
= 2nd stage  0.854(0.047)  0.872(0.002)  0.855(0.002)  0.839(<0.002)
200 Ist stage  0.991(0.001)  0.998(<0.001)  0.998(<0.001)  0.998(<0.001)
= 2nd stage  0.920(0.018)  0.935(<0.001)  0.925(0.001)  0.916(0.001)
— 500 Ist stage  0.992(0.001)  0.999(<0.001)  0.999(<0.001)  0.999(<0.001)
= ond stage  0.964(0.004)  0.974(<0.001)  0.970(<0.001)  0.965(<0.001)
w_ 1000 lststage  0.993(<0.001) 1.000(<0.001) 0.999(<0.001)  0.999(<0.001)
=5 2nd stage  0.978(0.002)  0.987(<0.001)  0.985(<0.001)  0.982(<0.001)
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3.4 Applications

In this section we apply MELD to three public available data sets.
3.4.1 Promoter sequence analysis

We apply MELD to promoter data available in the UCI machine learning repository
(Lichman, 2013). The data include n = 106 nucleotide sequences {A,C,G,T} of
length 57. The first 53 sequences are located in promoter regions of the genome, and
the last 53 sequences are located in non-promoter regions. The goal for these data
is binary classification: Using nucleotide sequence we would like to predict whether
or not the sequence is in a promoter or a non-promoter region. Here, we include the
promoter or non-promoter status of the sequences as an additional binary variable,
giving us p = 57 + 1 categorical variables. We apply MELD using Q® (®) with
first stage estimation on the full data and also on the subset of the sequences in
the promoter region and the subset of sequences in non-promoter regions separately
(removing the promoter status variable). We set k = {1,...,8}. For k = 2, MELD
converges in 2.13 seconds, compared with SFA, which takes 41.6 seconds to perform
10,000 MCMC iterations for the same value of k. We evaluate different values of
k using the goodness of fit test. FI selects two components for the full data, two
components for the promoter data, and one component for the non-promoter data
(Table 3.7).

Table 3.7: Goodness of fit testing using the fitness index (FI) on the promoter data.
Values shown are the result of applying MELD Q®)(®) with first stage estimation
to the promoter data set.

k 1 2 3 4 5 6 7 8
full 0.913 0.915 0.911 0.904 0.896 0.890 0.881  0.871
promoter 0.890 0.896 0.888 0.862 0.833 0.811 0.769 -4.292

non-promoter  0.842 0.835 0.826 0.819 0.807 0.795 0.780  0.762
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We choose £ = 2 in following analysis. For each nucleotide position, we calcu-
late the averaged KL distance between the estimated component distributions and its
marginal distribution using equation (3.27). A biological interpretation of this metric
is that it quantifies the stratification of each nucleotide distribution across compo-
nents: A larger value of the averaged KL distance indicates greater stratification
across components, which suggests that the nucleotide is important in differentiat-
ing the components. For the full data set, we observe approximately two peaks of
the averaged KL distance, one around the 15th nucleotide and one around the 42nd
nucleotide (Figure 3.5). The first peak corresponds to the start of the biologically
conserved region for promoter sequences (Harley and Reynolds, 1987). For MELD
applied only to promoter sequences, this peak is reduced, suggesting that, at approx-
imately the 15th nucleotide, the components all include similarly well conserved dis-
tributions of this nucleotide. However, this peak is found in non-promoter sequences,
meaning they have diverged component distributions. Together with the peak in full
data set, we could reason that the peak in the full data set is caused by the stratifi-
cation of promoter and non-promoter sequences; nucleotides around this peak have
conserved distributions (important) for promoter sequences well they are relatively
diverged in non-promoter regions (less important). The estimated component mem-
bership variables also show the importance of nucleotides around those nucleotides
(Figure 3.6 and 3.7). For the peak around the 42nd nucleotide, this phenomenon is
reversed. The increased averaged KL distance remains in promoter sequences but
diminishes in non-promoter sequences. One possible explanation is that this region
is important to non-promoter sequences well less important for promoter sequences.

We next use normalized mutual information to describe the dependence between
nucleotide pairs (Bhattacharya and Dunson, 2012). Mutual information (MI) is a
symmetric metric used to quantify the statistical information shared between two

distributions (Cover and Thomas, 2006). Here, we use the normalized MI (nMI) by
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FiGure 3.5: Averaged Kullback-Leibler distance of MELD applied to the pro-
moter data. The x-axis is the nucleotide position. The y-axis is the averaged
Kullback-Leibler (KL) distance between the estimated component distributions and
the marginal frequency of each nucleotide. The three rows include the averaged KL
distance across the full set of sequences (plus the binary classification vector, not
shown; top), across the promoter sequences (middle), and across the non-promoter
sequences (bottom).

dividing the MI by the geometric mean of entropies of the two distributions (Strehl
and Ghosh, 2003). The nMI between the jth and ¢th categorical variable in MELD

is calculated using

MI(yij; yit)
H(yij)H(yit) ’

DMI(yip yit) =

where MI(y;;,yit) is the mutual information of y;; and y;;, and H(y;;) is the entropy

of Yij

Pr(yi; = ¢, yu = <)
MI i Yit) = P i = Ci Yip = 1 J 7
(Yijs Yit) E E v(yi = ¢y Y = &) log (Pr(yij =¢;)Pr(yan =)’

H(yij) = = Y Pr(yij = ¢;)log[Pr(yi; = ¢;)].
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FI1GURE 3.6: Recovered membership variables in application of promoter sequence
analysis. The results shown are the membership variables for full sequence data with
k = 2. Promoter and non-promoter sequences are correctly classified (top row).

The terms Pr(y;; = ¢;) and Pr(y;; = ¢;,yix = ¢) are estimated using the first and
second moment equations. When y;; = v;¢, then nMI(y;;, vi) = 1.

We analyze the nMI of the results from applying MELD to the promoter data
with £ = 2. The regions around the 15th nucleotide and the 42nd nucleotide show
relatively high nMI in the full sequence results (Figure 3.8A). However the depen-
dence around the 15th nucleotide position is not observed in promoter sequences
(Figure 3.8B). Neither of the two nMI peaks are observed in the results from the

non-promoter sequences only (Figure 3.8C).
3.4.2  Political-economic risk data

In a second application, we apply MELD to political-economic risk data (Quinn,
2004), which include five proxy variables of mixed types measured for 62 countries.

The data set has been collected and analyzed to quantify a sense of political-economic
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FIGURE 3.7: Recovered membership variables in application of promoter sequence
analysis. The results shown are the membership variables for full sequence data with
k = 3. Promoter and non-promoter sequences are correctly classified (top row).

A normalized MI (e-2) B normalized MI (e-2) C normalized MI (e-2)
. . T
1 4 7 0 3 6 9 0 3 6 9
3 -
> o - & )
I
<0 -~ <0 ; ;‘ '!‘.: : )
i - g : W-! F " i
2 30 3 S0 g 30
< © o
> > >
20 0
o R 1
10 10 4 4 10
100 20 W 40 0 10 20 30 & N 0 20 30 40 N
variables variables variables

F1GURE 3.8: Normalized mutual information in the promoter data. The normalized
mutual information (nMI) between every nucleotide pair is calculated using param-
eters estimated by MELD with £ = 2. Panel A: Results for the full data. Panel B:
Results for promoter sequences only. Panel C: Results for non-promoter sequences
only.
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risk, a latent quantity associated with each of the 62 countries, using a probit factor
model (Quinn, 2004) and a Bayesian copula factor model (Murray et al., 2013).
The data are available in the MCMCpack package. Treating the ordinal variables as
categorical, there are three categorical variables and two real valued variables. The

details of the five variables are shown in Table 3.8.

Table 3.8: Variables in the political-economic risk data

Variable Type Explanation

An indicator variable that measures the independence
ind. jud binary of the national judiciary. This variable is equal to one if the
judiciary is judged to be independent and equal to zero otherwise.

Black-market premium measurement. Original values are measured
as the black-market exchange rate (local currency per dollar)
divided by the official exchange rate minus one. Quinn (2004)
transformed the original data to log scale.

blk.mkt real

Lack of appropriation risk measurement.

lack.exp.risk  ordinal Six levels with coding 0 <1 <2 <3 <4<5.

Lack of corruption measurement.

lack. corrup ordinal o5 ovels with coding 0 < 1 < 2 < 3 < 4 < 5.

Real gross domestic product (GDP) per worker in 1985 international prices.

gdp.worker real Recorded data are log transformed.

We apply MELD with k& = {1,...,5} using both Q@ (®) and Q®)(®) with first
stage estimation to the data set. For Q®(®) with k¥ = 3 MELD converged in 0.10s,
and for Q®(®) with k& = 3 MELD converged in 0.45s. The Bayesian copula factor
model takes 0.91s to complete 10,000 MCMC iterations. The FI criterion for Q) (®)
selects k = 4 and, for Q©®(®), selects k = 3 (Table 3.9). We choose results from
Q® (@) with k = 3 for further analysis.

The estimated component parameters for the five variables show distinct in-
terpretations of the three components (Figure 3.9). We might interpret the three
components as low-risk, intermediate-risk, and high-risk political-economic status
respectively. The first component has a high probability of independence of the

national judiciary (ind.jud being one) and a low measurement of black-market pre-
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Table 3.9: Goodness of fit test using fitness index (FI) in political-economic risk
data. Values shown are the results of application of MELD Q®(®) and Q®(®)
with first stage estimation.

k 1 2 3 4 b}

QP (®) 09974 0.9996 0.9996 0.9998 0.9927
QB(®) 09181 0.9791 0.9885 0.9861 0.9844

mium. The first component also has a high probability of observing high levels in
lack.exp.risk (4, 5) and in lack.corrup (3, 4, and 5). The mean of the GDP per
worker is highest among the three components. The second component, on the other
hand, has a relatively high probability of being zero in ind. jud and a large mean
value of blk.mkt. Both of lack of appropriation risk measurement and lack of cor-
ruption measurement put higher weights on lower levels (0, 1 and 2), indicating more
risk and higher levels of corruption. The GDP per worker is still high. We might
interpret this component as a society being relatively unstable while still having a
good economic forecast, meaning that GDP per worker is high, possibly through the
black market. The last component has the least judicial independence as quantified
by the probability of ind. jud being zero. The black-market premium is also low,
as is the lack of risk level and lack of corruption level. The GDP per worker is by
far the lowest among the three components. We might interpret this component as
society being the most unstable with the greatest economic risk. We find although
the three components have distinct stratification, each country is a mixture of the
three components reflected by the recovered memebership variables shown in Figure
3.10. Assigning a country to a mixture of components allows our method to find

clear stratified components from the mixed data type observations.
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FiGURE 3.9: Estimated component parameters for the political-economic risk data.
Results shown from applying MELD to the data set using Q©®)(®) with k = 3
components. For the real-valued variables, component mean parameters are plotted.
For the categorical variables, component-wise relative proportions are plotted.

3.4.3 Gene expression quantitative trait loci mapping

As a third application we apply MELD to Human HapMap phase 3 (HM3) project
genotype and gene expression data (Stranger et al., 2012) to perform a gene expres-
sion quantitative trait loci (eQTL) mapping. We hypothize that population struc-
ture, which stratifies the distributions of genotype, might act in a similar manner on
quantitative traits. Such stratification might be a reason to cause dependence and
association between a SNP and a trait. The HM3 data set consists of 608 individuals.
We focus on SNP’s on chromosome 21 having a minor allele frequency greater than
5%. SNP’s are represented by the number of copies of the minor allele at each loci,
and we obtain 1,672 SNP’s after selecting every 10th loci to avoid including SNP’s
in strong linkage. For gene expression data we extract genes on chromosome 21 (237
genes) for analyses.

We employ two analyses. We first apply MELD to SNP data only using Q®(®)
with first stage estimation. This can be viewed as estimating genotype distributions
in different latent sub-populations. Then we apply MELD to both SNP and gene

expression data. In this case, we attempt to find how including gene expression traits
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FIGURE 3.10: Recovered membership variables in application of political-economics
risk data set. The results shown are the membership variables for political-economics
risk data with k = 3 using MELD Q®)(®).

94



would influence the population stratification and how such stratification is related to
eQTL. We consider different number of sub-populations including k = {1,2, 3,4, 5}.
FI chooses k = 2 sub-populations. Therefore in following analysis we set k to this

number.

Table 3.10: Goodness of fit test using fitness index (FI) in HapMap phase 3 data
set. Values shown are the results of application of MELD Q®(®) with first stage
estimation on the selected chromosome 21 data set.

k 1 2 3 4 )

SNP only 0.987 0.995 0973 0.867 0.762
SNP+expression 0.993 0.997 0.988 0.941 0.896

We first analyze the recovered membership variables (Figure 3.11 and 3.12). The
results suggest that there is a clear population structure among the 608 individuals
in SNP data, reflected by the different bands in the two figures. However we do not
observe a clear population structure in gene expression data (Figure 3.12). Then we
calculate average KL distance for the 1,672 SNPs without and with gene expression
included (Figure 3.13). Several SNP loci show high values of averaged KL distance,
suggesting they have clear differentiated distributions among sub-populations. The
averaged KL distances do not change after inclusion of gene expression data. We
extract the first five SNP’s with highest average KL distance. Their genotypes are
shown in Table 3.11. We further examine whether there are significant associations
with those SNP’s by performing univariate regression tests against the expressions
of the 237 genes. Under pvalue cutoff of 0.05 we do not observe any significant

associations.
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FIGURE 3.11: Recovered membership variables in application of HM3 chromosome
21 data. The results shown are the membership variables for SNP data only with
k= 2.
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FIGURE 3.12: Recovered membership variables in application of HM3 chromosome
21 data. The results shown are the membership variables of for both SNP and gene
expression data with k = 2.
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F1GURE 3.13: Averaged Kullback-Leibler distances in HM3 chr21 data. The av-
eraged Kullback-Leibler (KL) distance between estimated component distributions
from MELD and marginal frequency for each SNP using equation (3.27) is calculated
with £ = 2.

3.5 Discussion and conclusion

In this chapter, we have developed a new class of latent variable models with Dirichlet-
distributed latent variables for mixed data types. These generalized Dirichlet latent
variable models extend previous mixed membership models such as LDA (Blei et al.,
2003) and simplex factor models (Bhattacharya and Dunson, 2012) to allow mixed
data types. For this class of models, we develop a fast parameter estimation pro-
cedure using generalized methods of moments. Our GMM estimator is consistent,
requiring the correct specification of first moment of component distributions. Effi-
ciency can be achieved by deriving an optimal weight matrix.

Our moment functions are similar to the moment tensor approaches developed
in recent work (Anandkumar et al., 2014b). The key novelty of our moment func-
tions is they are constructed using heterogeneous low order polynomials instead of

homogeneous polynomials. The heterogeneity of the moment functions allows us to
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FiGURE 3.14: Averaged KL distance in application of HM3 chromosome 21 data
with and without gene expression data included under k£ = 2.

develop a fast Newton-Raphson method for parameter estimation. The computa-
tional advantage of MELD over other parameter estimation methods such as EM
and MCMC is that parameter estimation does not require the instantiation of the
latent variables. We derive population moment conditions after marginalizing out
the sample-specific Dirichlet latent variables. Results suggest that the fitness index
(FI) (Bentler, 1983) is a reliable metric for selecting the number of components in
this framework.

We demonstrate the utility of our approach using simulation studies and three ap-
plications. Our results show that MELD is a promising alternative to MCMC or EM
methods for parameter estimation, producing fast and robust parameter estimates.
Since our method depends only on certain forms of sample moments, parameter esti-
mation does not scale with sample size n after observed data are transformed to the
moment statistics. An online method to update moment statistics when new sam-
ples arrive would allow re-estimation of the parameters to include new observations.
One limitation of our method is that the Newton-Raphson method is of order O(p?)

using second moment functions and order O(p*) using third moment functions. One
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possible approach speed up MELD with large p problems is to use stochastic gradient

methods to calculate an approximate gradient in each step.
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Table 3.11: Top 5 SNP’s with largest averaged KL distances in HM3 chromosome
21 data.

SNP Genotype across 608 individuals aveKL
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4

An efficient Monte Carlo method for distributions
on manifolds

In Chapter 3 we develop a generalized method of moments (GMM) approach named
MELD for the latent Dirichlet variable model with mixed data types. The moment
functions specified in MELD are derived from a specific probability model. However
the parameter estimation avoids manipulations of the likelihood function. This is
distinct from the GMM often used in econometrics literature in which a probabil-
ity model is avoided. In this chapter, we are going to provide some preliminary
investigations of embedding the GMM approach to a likelihood context. Parameter
estimations are conducted under Bayesian framework. Using a Bayesian approach for
parameter estimation in MELD has at least two advantages. First posterior compu-
tations could be performed using efficient MCMC algorithms. Second, the selection
of weight matrix A®) in construction of GMM estimator could be avoided. The
weight matrix A®) in the original GMM is used to penalize moment functions in a
way that moment functions with smaller variance or covariance receive larger weights
in the objective function, and vice versa. When embedding in Bayesian framework

such effects could be achieved by introducing additional penalizing variables. The
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posterior distributions of the penalizing variables could be estimated from posterior
draws using MCMC algorithms. Moreover, model selections can be evaluated using
theories in Bayesian literature.

One major step in the posterior computation is to draw samples from a distri-
bution defined on a probability simplex. Drawing samples from such a density is
not trivial. An inefficient sampler could make the posterior computation mix poorly.
With this problem in mind, we are motivated to develop an efficient Monte Carlo
method that draws samples from distributions defined on Riemannian manifolds.
Our method combines Hamiltonian Monte Carlo (HMC) algorithm with a geodesic
integrator. The HMC component allows our method to accept bold moves in the
parameter space and the geodesic integrator component restricts the moves on a
manifold.

The rest of this chapter is arranged as follows. In Section 4.1 we give a brief
review of Bayesian generalized method of moments. In Section 4.2 we introduce the
pseudo-likelihood functions used for parameter estimation in MELD. The problem of
sampling from a distribution defined on the probability simplex appears. In Section
4.3, an efficient Markov chain Monte Carlo method is developed to draw samples
from such a distribution. Our method could also be applied to distributions on other
types of manifolds with closed form equations of geodesic flow, for example the Stiefel
manifold. We perform simulation study to evaluate our method in Section 4.4 and

we conclude with a discussion in Section 4.5.
4.1 Bayesian generalized method of moments

Both of the method of moments (MM) and generalized method of moments (GMM)
introduced in Section 3.2 have been investigated in Bayesian framework by several
authors. Zellner (1996) develops a Bayesian method of moments approach for re-

gression problems. In his paper the author proposes first and second order posterior
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moment constraints and shows that the relations between the moment estimators
and those obtained under a likelihood model with diffuse priors. Posterior densities
are derived using maximum entropy criteria. Yin (2009) studies generalized linear
models with correlated observations. Such data are often observed in longitudinal
studies. The author builds on the generalized estimating equations (GEE) developed
by Zeger and Liang (1986) and Liang and Zeger (1986) in longitudinal data analy-
sis and develops a Bayesian GMM by constructing a pseudo-likelihood using GEE.
Posteriors of regression coefficients and unknown correlation matrix are estimated
using MCMC algorithms with Gibbs sampling. Although the GEE resemble score
equations in a likelihood based analysis, the studies mentioned above are different
from our Bayesian approach in the sense that those methods completely avoid spec-
ification of a likelihood function. In contrast, the Bayesian GMM strategy studied

in this chapter uses moment functions derived from a likelihood model.
4.2 Pseudo-likelihood and posterior

In this section we are going to introduce the pseudo-likelihood functions developed for
MELD. Then we assign prior distributions on parameters and derive their conditional
posterior distributions. We first use the second order moment matrices defined in

(3.10) to construct a pseudo-likelihood function. We define

2)\—d;dy 1 2
LO@) o [] (7)) exp<— ol B~ 2A0 H%)- (4.1)
Gitt>g Tit

Here ET(lQJ)t is defined in (3.16). The idea behind the likelihood function is that we

multiply ||E,74(®)|[3 = [|E)

i — ®;ADR][3 by —1/(27]&2)) and exponentiate the
result to get a Gaussian kernel for every j,t with 7 < t. The final likelihood function
is the product of the p(p — 1)/2 kernels. The additional parameters {T](t2 )} give

weights to the second order moment matrices and the weights for the functions in
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vec[F@)

nji(®)] are assumed to be equal. Those parameters play a similar role as the
weight matrix A® in GMM estimation. Following the similar idea, we can define
a pseudo-likelihood function using both second moment matrices and third moment

tensors in (3.10) and (3.11)

1
o ] oo (- g BL, - 2,000 )

Jtt>7

I <T;:z>—djwexp(_

7,8t t>s8>7

—A(3) X1 (I)] X9 (PS X3 @t”%) (42)

n ]st
jst

Here E Jst is defined in (3.17). The parameters {7 JSt} give weights to the third order

. .. 2 .
moment tensors in a similar manner as {T(t)} to second moment matrices. We let

= {T](f )} and T® = {r ]st} and treat them as unknown variables.
To complete the specification, we assign priors on ¢;y, 7; ( ) and Tjst For jth vari-

able being categorical, we give ¢;;, a Dirichlet prior Dir(3;) with 8; = (81, ..., Bja,) -

The posterior of ¢,;, with likelihood function (4.1) can be written as
p(jn|—)oc exp <(€ N o +1P b din + Z Bje = 1og(¢jhc)> , (4.3)

where

p
1
7(2 Z (2) ¢th¢th7
27

-2
and E, gt = 7(12315 - Zh/;ah )‘22/)¢jh/ O Dy
The posterior of ¢,;, with likelihood (4.2) can be written as

p(jn|—)cexp ((E N i+ 7D b + Z —1) log(cbjhc)) , (4.4)
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The posteriors of ¢, for categorical variable in (4.3) and (4.4) share a similar

following form
exp (€70 + 18]y + Z - 1logon) ). (45)

They both define a probability distribution on d; — 1 simplex. We are going to intro-
duce a Monte Carlo method that targets the posterior distribution in next section.
When jth variable is non-categorical with a support of ¢;, across the real line,

we assign a normal prior N(u,03) for ¢;,. This prior generates following posterior

p(Pjnl—) = N< . . (4.6)
! 1—27() o8’ 1— 2700
For non-categorical variable with positive value of ¢;5,, such as Poisson or exponential

variable, we assign the prior the same distribution truncated to R*. The posterior is

po + Vo i
inl— N 1(p;p = 0). 4.
p(¢]h’ ) o (1 — 27(_)0_87 1— 27()0_(2) (quh O) ( 7)

For {T )} and {7 ]st} we assign a conjugate prior Ga(a,,b,) on (70))~'. The

resulting posterior is

_ 1
() ~ Ga(ar + i + SIEL@R ),

_ 1
()= ~ G( + gddady b+ S| EE, (@ >||%). (48)
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Equations (4.3), (4.4), (4.6), (4.7) and (4.8) complete a Gibbs sampler. The major
difficulty comes from drawing samples from (4.3) and (4.4) with the support on d; —1
simplex. The two equations can be generalized as drawing from a distribution with
density proportional to (4.5). We are going to introduce a Monte Carlo method to

draw samples from such a distribution.
4.3 Drawing from distributions on manifolds

In this section we are going to develop a method to efficiently draw samples from
(4.5). Drawing samples from such a density with the support on d; — 1 simplex
is not trivial. An inefficient sampler could make the posterior computation mix
poorly. We view this problem as drawing samples from a distribution defined on a
manifold, which in our case is the d; — 1 simplex. We develop a geodesic Riemannian
manifold Hamiltonian Monte Carlo (HMC) algorithm on the parameter manifold
(Byrne and Girolami, 2013). To facilitate the algorithm, we first re-parameterize the
parameter ¢, = (djn1, ..., Gjng;) by letting ¢jne = a3, for ¢ = 1,...,d;. Then
@i, = (Tjn1,- .-, Tjng;) " 1s a point on d; — 1 dimensional sphere S%~*. According to
change of variables, the distribution of x;;, follows as
dj d; d;
p(ajn|—)oc exp (2 Etipe 7 D Thhe + (28, — 1) log(xjhc)) . (4.9)
=1 =1 =1
We are going to develop a HMC algorithm which induces a random walk on S%~*
that targets (4.9) as equilibrium distribution. Transforming back to ¢;, we get
posterior draws from (4.5). Before introducing the geodesic Riemannian manifold
HMC algorithm, we first give a very brief review about manifold and coordinate

embedding.
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4.3.1 Manifold and embedding

In this subsection give a very brief summary about manifold and coordinate embed-

ding. More details can be found in the book written by Absil et al. (2009).
Chart, atlas and coordinate

Roughly speaking a manifold is a topological space that locally acts like Euclidean
space. For any point w € M, its coordinates is defined by a bijective mapping
é(-) : M — R? from an open set around w, denoted by U, to an open set in R
The open set and the mapping is defined as a chart (U, ¢(-)) and the image of the
mapping is called the coordinate of w. An atlas is the collection of charts (Uy, #(-)a)
with U U, = M and U, overlap smoothly. The dimension of M is given by the

dimension of the image of ¢(-)q.
Embedding

Usually w is embedded in a higher dimensional embedding space such as a Euclidean
space R? with d > m, where m is the dimension of the manifold. Such an embedding
space is called an ambient space. The general definition of embedding comes with
the mapping between two manifolds M; and My with dimension m; and msy. The
mapping is immersion when m; < ms and it is submersion when m; > my. When the
mapping is immersion with M; < M, and the manifold topology of M coincides
with the subspace topology of My, then M, is called embedded in Ms. In most
of examples we face, the embedding space Mj is a vector space. For example, an
element in the Stiefel manifold w € V(p, k) are embedded in RP** and dimension of
V(p, k) is pk — p(p + 1)/2. We use 6 to denote the parameters that are represented
by embedded coordinates (extrinsic coordinates) in the embedding vector space R?
of a underlying manifold. For example in our case ¢, € A%~ and xj, € S%~! are

represented by a d; dimensional vector.
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Given an embedded manifold, the tangent can be represented by a vector consist-
ing of coordinate-wise time derivative with respect to any smooth motions defined
on the manifold. The tangent space is the set of such vectors and forms a subspace
of ambient space of the manifold. For example, the tangent space of a sphere S%!
with coordinate 8 € R? is formed by Ty = {v e R? s.t. 8Tv = 0}.

The Riemannian manifold is a smooth manifold M equipped with a inner product

g defined at every 0 on the manifold as

g(s, t) = s'G(O)t.

s,t € Tp are two tangent vectors and G(0) is called metric tensor. We denote a
Riemannian manifold and its inner product as (M, g). The Euclidean space R? is
also a Riemannian manifold with the inner product as the dot product of vectors.
Let (M, g) and (N, h) be two Riemannian manifolds. An isometric embedding is
a mapping M — N that preserve the inner product. In particular we are interested

in the case where N is an Euclidean space R?. In this case, we have

"GOt =u"v,

where u; = > ; 0x;/00; - s; and v; = }; dx;/d0; - t;. Here x is the new coordinate in
R? of the manifold. This is equivalent to g;; = >.r_, 0x4/00; - 0x;/00;. If we let M
with mg; = O“xl/é)@j, then

GO)=M"M. (4.10)
Hausdorff measure and Lebesque measure

We consider the distribution on manifolds. Therefore the Lebesgue measure defined
on Euclidean space should be converted to Hausdorff measure, which is a fundamental
concept in geometric measure theory. When the manifold can be embedded into R?,
Hausdorff measure can be interpreted as the surface area on the manifold (Byrne and

Girolami, 2013). The relation between Hausdorff measure and Lebesgue measure can

108



be formulated as follows. Let H? be a d dimensional Hausdorff measure and A™ be
the Lebesgue measure on R™. If we could parameterize the manifold by a Lipschitz
function f : R™ — R? then for any H? measurable function g : R — R, we have

following basic area equation
Theorem 4.1. If f : R™ — R? is Lipschitz and m < d, then

L 9(f (@) f(2)N™ (dx) = J gz e A: f(z) = y}[H (dy). (4.11)

R4

Here J,,f(z) is the m dimensional Jacobian of f, and in this case it is defined
as (Jnf(z))> = |D'D|, where D € R™™ is the derivative matrix with d;; =
Ofi(x)/0z;,1 <i<d,1<j<m (Federer, 1969; Diaconis et al., 2012).

The right hand integral is the surface area integral of g over f(A). The left hand
integral shows the surface area integral can be related to the integral of Lebesgue
measure in R™ and the Jacobian. Sampling from the density of normalized J,, f(z)
on R™ and mapping back to the manifold via f gives samples from the area measure
(Diaconis et al., 2012).

We use an example studied by Diaconis et al. (2012) to provide an application of

(4.11). The Torus manifold

M = { <[R + rcos(f)] cos(p), [R + rcos(0)] sin(p), r sin(9)>T}

with 0 < 0, ¢ < 27 for fixed R > r > 0 is a two dimensional manifold in R3. The area

of the Torus is (27)%Rr therefore the uniform density with Hausdorff area measure

is 1/[(27)?Rr]. The Lipschitz function f : R?* — R3 is

f(0,0) = <[R + rcos(0)] cos(p), [R + 7 cos(8)] sin(g), r sin(@))T.

The derivative matrix D has following form

—rsin(f) cos(p) —(R + rcos(f))sin(p)
D = | —rsin(f)sin(p) (R + rcos(d)) cos(p)
rcos(f) 0
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Therefore the Jacobian Jy(f(x))? = r?(R+r cos(6))?. Thus the corresponding density

of 6, with Lebesgue measure is

1

p(0.¢) % (1 + %cos(e)).

Sampling 6, ¢ from this density and mapping back to R? gives the uniform distribu-

tion on the Torus manifold.
4.3.2  Geodesic Riemann manifold Hamiltonian Monte Carlo

We now state a Riemann manifold Hamiltonian Monte Carlo method on the S% 1
sphere to draw posterior samples of x;, from (4.9). Neal (2011) gives a detailed
review of Hamiltonian Monte Carlo (HMC) and Girolami and Calderhead (2011) de-
velops HMC methods on Riemann manifold. We first introduce Hamiltonian Monte

Carlo method.
Hamiltonian Monte Carlo

Let £(0) be the log density of parameters @ € R?. HMC methods define a Hamilto-
nian by introducing a kinetic energy term with momentum variables g € R?. The

Hamiltonian is defined as

H(0,q) = —((0) + %qTG_lq. (4.12)

From physics point of view, the equation can be thought as a sum of a potential
energy term (—((0)) defined at position @ and a kinetic energy term (3¢’ G'q)
defined by the momentum variable q. It also can be viewed proportional to a log

joint density of @ and auxiliary variable g with

H(6,q) o log (p(6.q)) = log (p(8)p(q)),

with p(q) 4 N(0,G). The Hamilton’s equations for the system (4.12) are

d6 _ 0H(6,q)
dt  Oq
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dg  0H(0,q)

One can develop a HMC method using following steps to update (6, q) jointly.

e Draw q from N(0, G). Due to factorization of (0, q), this is equivalent to draw

from q|6.

e Perform following Hamiltonian dynamics to propose a new state (68*, g*)
€
qd=q+ EV(;K(O),
0* =0 +cG'q,

g =4 + %vgﬁ(e*). (4.14)

Here € is the integration step size. Above equations are also know as the

leapfrog integrator.

e Accept (6*, g*) with the Metropolis ratio. The Hamiltonian dynamics in (4.14)
keep the total energy approximately invariant (errors are generated due to
numerical integration), and the Metropolis step corrects this error. Due to the
volume preserving property of the Hamiltonian trajectory, Hastings ratio is not

needed (Neal, 2011; Girolami and Calderhead, 2011).

Above steps can be viewed as a Gibbs sampler by drawing conditional distributions
from the Hamiltonian in (4.12) (Girolami and Calderhead, 2011). Repeating above
steps defines reversible moves on joint parameter space of @ and g and it keeps the
Hamiltonian H (0, q) invariant. Independent draws from g allows HMC to perform
large moves in (0, q). Therefore, HMC allows large moves in € and enhances the
mixing behavior of the Markov chain. Due to factorization of the joint density, the

Markov chain by discarding q targets the distribution p(@) (Neal, 2011).
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The numerical integration methods used in Hamiltonian dynamics have direct

connections with Langevin diffusion with stochastic differential equation defined as

d6(t) — %Vgﬁ(e)dt - db(t),

where b(t) is a d dimensional Brownian motion (Neal, 2011; Girolami and Calderhead,
2011). The parameter space with the Hamiltonian dynamics (4.13) is endowed with
Euclidean space with identity metric by using gradient of the log density.

The generalization of the Euclidean space to a Riemannian manifold has lead
to using other metric tensors in the parameter space (Efron, 1975; Amari, 1998;
Raskutti and Mukherjee, 2015). In particular, when the parameter 6 is in a Rieman-
nian manifold with metric tensor of G(0), the Hamiltonian becomes (Girolami and

Calderhead, 2011; Byrne and Girolami, 2013)

H(0,q) = —((0) + %log (IG(9)]) + %qTG(O)_lq. (4.15)

The density function in ¢(8) is defined with respect to Lebesgue measure in some
coordinate system 8. The log determinant term on the right hand side of the equa-
tion is introduced to satisfy that the marginal density 0 equals to the target. This
Hamiltonian can be viewed as letting auxiliary variable g ~ N(0, G(8)). Byrne and
Girolami (2013) notice that the first two terms on the right hand side of (4.15) can
be combined to generate a density function with respect to Hausdorff measure ¢4,(0).

The resulting Hamiltonian becomes

H(0.q) = ~(u(6) + 5a'G(6) 'q (4.16)

This is due to equation (4.11) in Theorem 4.1. The Hamiltonian dynamics in (4.13)

become

40  0H(8,q)

= =GO !
& 2q G(0) q,
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Y D v (eni0) - aT6l0)a). (.17

This Hamiltonian is not separable therefore original leapfrog method does not apply.
Geodesic integrator

Byrne and Girolami (2013) construct an integrator by splitting the Hamiltonian in

(4.17) to a potential and kinetic term

HY(6,q) = —4(8), (4.18)
1
H®(0.9) = 54'G(6)'q (4.19)
The potential term in (4.18) does not involve q therefore d@/dt = 0. dg/dt is simply
Vol#(0). For the kinetic term in (4.19), it is an Hamiltonian without potential term.

Byrne and Girolami (2013) show that the solution in the dynamics is geodesic flow

with metric tensor G(0). In summary the Hamiltonian dynamics for (4.17) become

e Update g according to the solution in (4.18) for ¢/2

€
qgd=q+ §V05H(9)a (4.20)

e Update (8, q) according to (4.19) following geodesic flow for e,

e Update g again using (4.20) for ¢/2.
Manifold HMC with embedding coordinates

We re-write the Riemannian manifold HMC in (4.16) by coordinate embedding
(Byrne and Girolami, 2013). Given an isometric embedding & : M — R%, a motion
on the original space 6(¢) with ¢ > 0 has an image z(t) on R? with x(t) = £[0(t)].

In addition, we have

at ; o0; dt ’
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where we let subscript 7 index the coordinate of 8 and subscript ¢ index the coordinate
of . Therefore we get de/dt = Md@/dt with M is the derivative matrix defined in
(4.10) and G = M " M. Then if we transform (0, q) to the embedding space (x, v)
with v = da/dt, we get

da de
-~ —M—=MM"M)q.
hT at ( )

Furthermore, if we make the transformation, the original Hamiltonian (4.16) becomes

(Byrne and Girolami, 2013)
1
H(x,v) = —ly(x) + §’UT’U. (4.21)
According to Byrne and Girolami (2013) there is no additional Jacobian term intro-
duced because l4(x) is still defined with respect to Hausdorff measure. With this
transformation, the solution to the potential term in (4.18) can be written in the

new coordinates by change of variables of the operator Vg = MV,

v =v+ %M(MTM)‘lMTVmE(a:).

The term M(MTM) M7 is the orthogonal projection matrix by projecting the
gradient of /(x) to the column space of M. As shown by Byrne and Girolami (2013),
this is the tangent space of the embedded manifold. In our problem, x € S¢~!. For
arbitrary vector u, the projection of u to the tangent space of x is given by

Ur, = (I — xzx")u.

Therefore the solution to the potential term in (4.18) in the new coordinate becomes

v =v+ %(I —zx )V, ().

For the solution to the kinetic term in (4.19), we have a closed form solution due

to our sphere parameterization. The geodesic flow on the sphere is shown to be

@l.v0) - @) (5 2) (el o) (5 ). )

cos(ct)
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where ¢ = v(t)Tv(t) is constant.

We summarize our geodesic Riemannian manifold HMC steps to draw posterior
samples from distribution in (4.9) defined on S%! in Algorithm 4.1. Note that we
do not need to evaluate the normalizing constant of the density p(x;;,) in (4.9) due
to following two reasons. First, when we calculate the gradient of the log density
{(x;p,), only the terms in the exponential function matter. Second, when we define
the Hamiltonian in (4.15) and (4.16), the normalizing constant does not depends on

either @ or q. Therefore it can be removed from the Hamiltonian.

Algorithm 4.1: Geodesic Riemannian manifold Hamiltonian Monte Carlo al-
gorithm to draw samples from log density ¢(x)

Input : the number of steps T' for integration and step size
Output: One draw from density ¢(x)
v~Nyg(0,I);v=(I—-zx")v;

1,7

lo =l(x) — v v; Ty = x;

fort < 1to 7T do
v=v+ 5V l(x);v=I—zx)v;
Update (x, v) following geodesic flow in (4.22) for €;
v=v+ 5V l(x);v=I—xx)v;

end

Iy = l(x) — v v;

u ~ Unif(0, 1);

if u <exp(ly —lp) then

‘ return x;

© W N o oA W o N =

-
- o

else
‘ return axg;
end

-
AW N

4.8.8  An additional example

Other than the distribution defined in (4.9), we consider another distribution defined
on a specific manifold in this subsection, the Bingham-von Mises-Fisher distribution.
This distribution is defined on Stiefel manifold V(p, k), the set of orthonormal matrix
X of dimension p x k (k < p) such that X" X = I,. This Stiefel manifold is of
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dimension pk — p(p + 1)/2 and it is embedded in the Euclidean space RP** (Absil
et al., 2009). When k = 1 the Stiefel manifold becomes a sphere. The Bingham-von
Mises-Fisher (BMF) distribution specifies an absolutely continuous density on the
Stiefel manifold V(p, k). This distribution is studied by Bingham (1974) for a vector
defined on sphere (k = 1) and has been considered for matrix form with & > 1 by
Khatri and Mardia (1977). Recently several papers have investigated applications of
such a distribution (Hoff, 2009a,b; Byrne and Girolami, 2013).
The BMF distribution is defined as

p(X|A, B,C) < etr(C'X + BX"TAX)
k k

= exp (Zc;azh> exp (thm;Amh), (4.23)
h h

where xj, is the hth column of X, ¢, is the hth column of C' and b, is the hth diag-
onal entry of B. We assume B is a diagonal matrix and A is a symmetric matrix
to satisfy the antipodally symmetric property (Hoff, 2009a). The density reduces to
Bingham density when C' = 0 and von Mises-Fisher density when either A or B is
zero. When k = 1 the density defines a distribution on unit sphere. Sampling from
this distribution has many potential applications including covariance matrix esti-
mation, orthogonal factor analysis, probabilistic singular value/eigen decomposition
and network analysis (Hoff, 2009a,b; Zhong and Girolami, 2012).

To efficiently draw samples from the distribution in (4.23) has been shown a
challenging task (Hoff, 2009b; Rao et al., 2014). We use the geodesic Riemannian
manifold HMC introduced in previous subsection to draw samples from such a density
(Byrne and Girolami, 2013). We introduce the momentum variable V' € RP**. We

require following two ingredients to implement a geodesic HMC sampler.
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Projection of gradient to tangent space  We first calculate the gradient of the log density

as follows
_ dlog[p(X)] 1 dp(X)
1 otr(C'X + BXTAX
= p(X) ( )
p(X) 0X
=C +2AXB.

According to Byrne and Girolami (2013), the projection of arbitrary matrix V' e RP*k

to the tangent space of X can be written as

Vi, =V — %X(XTV +V'X).

Geodesic flow on Stiefel manifold The geodesic flow has been shown to have following

form (Edelman et al., 1998; Byrne and Girolami, 2013)

x.vi) = xovopes (1(7 50) (TG L 0)
(4.24)

where A = X (¢)TV(t) is a skew-symmetric matrix and it is constant over the
geodesic. S(0) = V(0)"V(0) and exp(-) is the matrix exponential function.
With the two ingredients, we could define following algorithm to draw samples

from the Bingham-von Mises-Fisher distribution

4.4 Simulations

4.4.1 Bayesian GMM i MELD

In this subsection we apply our Bayesian GMM approach developed for MELD in two
simulation studies performed in Chapter 3. For first simulation study, we consider
the low dimensional setting with p = 20 and apply our approach with both pseudo-
likelihood functions in (4.1) and (4.2). For the second simulation study we consider

117



Algorithm 4.2: Geodesic Riemannian manifold Hamiltonian Monte Carlo al-
gorithm to draw samples from Bingham-von Mises-Fisher distribution (4.23)

Input : the number of steps T' for integration and step size
Output: One draw from density in (4.23)

1V ~Nuk(0,I);V=V-Li1X(XTV+VTX);

2 Iy = log[p(X)] — jvec(V) Tvee(V); Xy = X;;

3 fort«—1toT do

4 V=V+:Vxlogp(X); V=V-1i1X(XV+VTX),
5 Update (X, V) following geodesic flow in (4.24) for ¢;

6 V=V+:Vxlog[p(X); V=V-1i1X(XV+VTX),
7 end

8 l; = log[p(X)] — 3vec(V) Tvec(V);

9 u ~ Unif(0, 1);

10 if u < exp(l; — lp) then

11 ‘ return X;

12 else

13 ‘ return X;

14 end

the mixed data type setting with categorical, Gaussian and Poisson variables with
p = 100. Pseudo-likelihood (4.1) with only second moment matrices is used in this
case. For all the simulation studies, we set the Dirichlet hyperparameter . for the
prior of ¢;, to 0.5 when jth variable is categorical. The hyperparameters of prior
for ¢, for non-categorical variables are set to jip = 0 and op = 10. a, and b, are set
to 1 and 0.3 respectively. This configuration corresponds to letting (7))~ to have
a prior mean of 3.3 and variance of 11.1. For the geodesic sampler, the integration
step size is set to € = 0.01 and the number of steps in the numerical integration is

set to 10 for the pseudo-likelihood in (4.1) and 5 for the pseudo-likelihood in (4.2).

Low dimensional categorical simulations The process of generating data in this sim-
ulation is the same as in Chapter 3. FEach of the p = 20 categorical variables
has d = 4 levels. The number of components is set to £ = 3 and we simulate

n = {50, 100, 200, 500, 1,000} samples. We contaminate 4% and 10% samples to as-
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sess the robustness of our methods. We run our MCMC algorithm on the simulated
data for 10,000 iterations. We set the first 5,000 as burn-in period and collect a
posterior sample every 50 iterations. We use the same method in Chapter 3 to cal-
culate the MSE of estimated mean parameters of y;;’s and their true parameters by
recovering membership variables (Table 4.1, 4.2, 4.3). Our Bayesian GMM approach
with the likelihood L(?)(®) has better MSE’s in most of the cases. The log likelihood
trajectories with n = 1,000 are shown in Figure 4.1 and 4.2. The Markov chains mix
well for the likelihood L®(®). However with the likelihood of L®(®) and k = 1
and k = 2 the chains do not show a good mixing (Figure 4.2).

Table 4.1: Comparison of mean squared error (MSE) of estimated parameters in cat-
egorical simulation with small p using Bayesian GMM method and GMM in MELD.
For GMM estimation its standard deviations of MSE’s are calculated from ten sim-
ulated data sets for each value of n. For the Bayesian GMM method the standard
deviations of MSE’s are calculated using posterior mean estimates of the ten simu-
lated data sets.

Methods GMM Q(®) (@) aMM Q) (@) BGMM L) (®) BGMM L) (@)
n k 1st stage 2nd stage 1st stage 2nd stage MSE MSE
1 0.043(0.002) 0.042(0.002) 0.044(0.002) 0.084(0.040) 0.042(0.002)
2 0.035(0.001) 0.046(0.010) 0.035(0.002) 0.075(0.035) 0.032(0.001)
50 3 0.036(0.002) 0.038(0.002) 0.037(0.002) 0.074(0.034) 0.029(0.001)
4 0.041(0.002) 0.044(0.002) 0.042(0.003) 0.044(0.002) 0.032(0.002)
5 0.045(0.002) 0.046(0.002) 0.044(0.002) 0.048(0.002) 0.038(0.005)
1 0.041(0.001) 0.041(0.001) 0.042(0.001) 0.068(0.045) 0.041(0.001)
2 0.031(0.002) 0.033(0.005) 0.031(0.001) 0.044(0.029) 0.030(0.001)
100 3 0.033(0.002) 0.034(0.002) 0.033(0.002) 0.050(0.030) 0.028(0.001)
4 0.037(0.002) 0.038(0.002) 0.038(0.001) 0.039(0.002) 0.031(0.001)
5 0.041(0.003) 0.041(0.003) 0.039(0.002) 0.043(0.002) 0.037(0.004)
1 0.041(<0.001)  0.041(<0.001)  0.042(<0.001)  0.041(<0.001) 0.041(<0.001)
2 0.030(0.001) 0.030(0.001) 0.029(0.001) 0.029(0.001) 0.029(0.001)
200 3 0.033(0.001) 0.033(0.001) 0.032(0.001) 0.033(0.001) 0.028(0.001)
4 0.036(0.001) 0.037(0.001) 0.036(0.002) 0.037(0.001) 0.031(0.001)
5 0.038(<0.001) 0.036(0.001) 0.038(0.001) 0.039(0.001) 0.037(0.004)
1 0.041(<0.001)  0.041(<0.001)  0.041(<0.001)  0.041(<0.001) 0.041(<0.001)
2 0.029(0.001) 0.030(0.001) 0.029(0.001) 0.029(0.001) 0.029(0.001)
500 3 0.032(0.001) 0.032(0.001) 0.032(0.001) 0.032(0.001) 0.029(0.001)
4 0.035(0.001) 0.036(0.001) 0.035(0.001) 0.036(0.001) 0.030(0.001)
5 0.036(0.001) 0.035(0.001) 0.036(0.001) 0.038(0.001) 0.036(0.003)
1 0.041(0.001) 0.041(0.001) 0.041(0.001) 0.041(0.001) 0.041(<0.001)
2 0.029(0.001) 0.029(0.001) 0.028(0.001) 0.028(0.001) 0.028(<0.001)
1,000 3 0.031(0.001) 0.031(0.005) 0.031(0.001) 0.031(0.001) 0.029(<0.001)
4 0.034(0.001) 0.034(0.001) 0.034(0.001) 0.034(0.001) 0.030(<0.001)
5 0.036(0.001) 0.034(0.001) 0.036(0.001) 0.037(0.001) 0.036(0.003)

We further monitor the objective functions of Q% (®, I) and QY (@, I) defined in
Chapter 3 equation (3.14) and (3.15). With likelihood L) (®) the objective function
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Table 4.2: Comparison of mean squared error (MSE) of estimated parameters in cat-
egorical simulation with small p using Bayesian GMM method and GMM in MELD.
The simulated ten data sets are contaminated by setting 4% of the samples to out-
liers. The MSE’s are calculated with the same methods in Table 4.1.

Methods GMM Q(®) (@) GMM Q) (@) BGMM L3 (@)
n k 1st stage 2nd stage 1st stage 2nd stage MSE
1 0.043(0.002) 0.043(0.002) 0.044(0.002) 0.061(0.024) 0.042(0.002)
2 0.036(0.001) 0.039(0.005) 0.036(0.003) 0.058(0.038) 0.034(0.001)
50 3 0.037(0.002) 0.038(0.002) 0.037(0.002) 0.052(0.021) 0.031(0.001)
4 0.041(0.001) 0.044(0.002) 0.043(0.002) 0.050(0.007) 0.035(0.002)
5 0.046(0.001) 0.048(0.002) 0.044(0.002) 0.050(0.003) 0.039(0.004)
1 0.041(0.001) 0.041(0.001) 0.042(0.001) 0.041(0.002) 0.041(0.001)
2 0.032(0.001) 0.032(0.002) 0.032(0.002) 0.032(0.002) 0.032(0.001)
100 3 0.033(0.002) 0.034(0.002) 0.033(0.002) 0.036(0.008) 0.030(0.001)
4 0.038(0.001) 0.040(0.001) 0.038(0.002) 0.040(0.003) 0.033(0.001)
5 0.043(0.002) 0.044(0.002) 0.043(0.003) 0.046(0.003) 0.040(0.004)
1 0.041(<0.001) 0.041(<0.001) 0.042(<0.001) 0.048(0.020) 0.041(<0.001)
2 0.031(0.001) 0.031(0.001) 0.030(0.001) 0.032(0.005) 0.031(0.001)
200 3 0.033(0.001) 0.033(0.001) 0.032(0.001) 0.033(0.001) 0.030(0.001)
4 0.038(0.002) 0.039(0.002) 0.038(0.002) 0.039(0.002) 0.033(0.001)
5 0.041(0.001) 0.041(0.002) 0.042(0.003) 0.044(0.003) 0.039(0.004)
1 0.041(0.001) 0.041(0.001) 0.041(0.001) 0.041(0.001) 0.041(0.001)
2 0.030(0.001) 0.031(0.001) 0.029(0.001) 0.030(0.001) 0.031(<0.001)
500 3 0.032(0.001) 0.033(0.001) 0.032(0.001) 0.032(0.001) 0.031(<0.001)
4 0.037(0.001) 0.038(0.001) 0.038(0.001) 0.039(0.001) 0.033(<0.001)
5 0.040(0.001) 0.040(0.001) 0.043(0.003) 0.045(0.002) 0.037(0.003)
1 0.041(<0.001)  0.041(<0.001)  0.041(<0.001)  0.041(<0.001) 0.041(<0.001)
2 0.030(0.001) 0.030(0.001)  0.029(<0.001)  0.030(<0.001) 0.031(<0.001)
1,000 3  0.031(<0.001)  0.032(<0.001)  0.031(<0.001)  0.031(<0.001) 0.031(<0.001)
4 0.037(0.001) 0.038(0.001) 0.038(0.001) 0.039(0.001) 0.032(0.001)
5  0.040(<0.001)  0.039(0.001)  0.043(0.002) 0.044(0.002) 0.038(0.002)

g=3  Z=% =¥

Jog likelihood

P=3
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iteration

FIGURE 4.1: The trajectories of the log likelihood functions L®(®) for the low
dimensional categorical simulation with n = 1,000 under different values of k.
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Table 4.3: Comparison of mean squared error (MSE) of estimated parameters in cat-
egorical simulation with small p using Bayesian GMM method and GMM in MELD.
The simulated ten data sets are contaminated by setting 10% of the samples to
outliers. The MSE’s are calculated with the same methods in Table 4.1.

Methods GMM Q(®) (@) GMM Q) (@) BGMM L3 (@)
n k 1st stage 2nd stage 1st stage 2nd stage MSE
1 0.044(0.002) 0.044(0.001) 0.044(0.002) 0.057(0.017) 0.043(0.002)
2 0.041(0.003) 0.044(0.006) 0.045(0.006) 0.060(0.025) 0.040(0.001)
50 3 0.045(0.003) 0.046(0.003) 0.052(0.006) 0.068(0.031) 0.039(0.002)
4 0.048(0.003) 0.051(0.003) 0.056(0.003) 0.061(0.008) 0.040(0.003)
5 0.053(0.002) 0.059(0.006) 0.057(0.003) 0.062(0.004) 0.041(0.002)
1 0.042(0.002) 0.043(0.003) 0.042(0.002) 0.044(0.006) 0.042(0.002)
2 0.040(0.002) 0.040(0.002) 0.050(0.005) 0.047(0.005) 0.040(0.002)
100 3 0.044(0.002) 0.044(0.002) 0.054(0.003) 0.054(0.004) 0.041(0.001)
4 0.047(0.002) 0.049(0.002) 0.056(0.002) 0.058(0.003) 0.042(0.002)
5 0.051(0.003) 0.054(0.003) 0.055(0.004) 0.059(0.004) 0.042(0.002)
1 0.043(0.001) 0.043(0.001) 0.042(0.001) 0.043(<0.001) 0.043(0.001)
2 0.039(0.001) 0.039(0.001) 0.050(0.002) 0.044(0.001) 0.039(0.001)
200 3 0.041(0.002) 0.042(0.001) 0.052(0.001) 0.052(0.002) 0.039(0.001)
4 0.047(0.002) 0.048(0.002) 0.056(0.002) 0.057(0.002) 0.039(0.001)
5 0.050(0.002) 0.053(0.002) 0.054(0.002) 0.058(0.002) 0.042(0.001)
1 0.042(0.001) 0.042(0.001) 0.042(0.001) 0.042(0.001) 0.042(0.001)
2 0.039(0.001) 0.039(0.001) 0.050(0.001) 0.044(0.001) 0.039(0.001)
500 3 0.040(0.001) 0.040(0.001) 0.051(0.001) 0.051(0.001) 0.038(0.001)
4 0.046(0.001) 0.048(0.001) 0.056(0.001) 0.057(0.001) 0.039(0.001)
5 0.050(0.002) 0.053(0.001) 0.054(0.001) 0.058(0.001) 0.041(0.002)
1 0.042(<0.001)  0.042(<0.001)  0.042(<0.001)  0.042(<0.001) 0.043(<0.001)
2 0.040(<0.001)  0.039(<0.001)  0.050(0.001) 0.045(0.001) 0.039(0.001)
1,000 3 0.039(<0.001) 0.040(<0.001)  0.051(<0.001)  0.051(0.001) 0.038(0.001)
4 0.047(<0.001) 0.048(<0.001) 0.056(0.001) 0.057(0.001) 0.039(0.001)
5 0.050(0.001) 0.052(0.001) 0.054(0.001) 0.058(0.001) 0.043(0.001)

log likelihood

2500 5000 7500 10000

iteration

FIGURE 4.2: The trajectories of the log likelihood functions L®)(®) for the low
dimensional categorical simulation with n = 1,000 under different values of k.
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of fo)(q), I) decreases fast in the first several iterations. Then the objective stays
relatively stable. The minimum value is achieved with & = 3 (Figure 4.3). With
the likelihood L®)(®), the objective function QS’)(@, I) also decreases dramatically
in the first few iterations. Moreover we observe that when the value of k is less
than the correct value 3, the objective function diverges after a number of iterations.
This results echo their poor mixing behaviors shown in the likelihood trajectories
(Figure 4.2). With larger values of k, the objective function becomes stable. The
minimum value of the objective function is also achieved with the correct value of
k = 3 (Figure 4.4). The posterior trajectories of one component parameter ¢, with

the two likelihood functions are also plotted in Figure 4.5 and Figure 4.6 respectively.
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FIGURE 4.3: The trajectories of QSE)((I), I) defined in Chapter 3 equation (3.14) for
the low dimensional categorical simulation with n = 1,000 under different values of
k. The last 2,000 iterations are plotted in the zoomed panel.

Mized data types with categorical, Gaussian and Poisson variables We simulate 100
variables with first 95 being categorical variables with d = 4 levels, two Gaussian
variables and three Poisson variables. k is set to 2 and n = {50, 100, 200, 500, 1,000}
samples are generated. We run our MCMC algorithm with likelihood L) (®) only
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FIGURE 4.4: The trajectories of Qg})(@, I) defined in Chapter 3 equation (3.15) for
the low dimensional categorical simulation with n = 1,000 under different values of
k. The last 2,000 iterations are plotted in the zoomed panel.
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FIGURE 4.5: The trajectories of posterior draws of one component parameter ¢,y
with likelihood L®) (@) for the low dimensional categorical simulation with n = 1,000
under different values of k. Different coordinates in ¢;;, are shown by different colors.
True values are plotted as dotted lines.

on the data for 10,000 iterations with first 5,000 iterations as burn-in. Posterior

samples are collected every 50 iterations after the burn-in period. We calculate the
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FIGURE 4.6: The trajectories of posterior draws of one component parameter ¢y,
with likelihood L) (@) for the low dimensional categorical simulation with n = 1,000
under different values of k. Different coordinates in ¢;;, are shown by different colors.
True values are plotted as dotted lines.

MSE of estimated mean parameters of y;;’s and their true parameters by recovering
their membership variables (Table 4.4). For non-categorical data squared Euclidean
distance is used to recover membership variable using equation (3.23). The Bayesian
GMM approach achieves smallest MSE’s for categorical data under different values
of n when £ > 1. For k = 1 the GMM first stage estimation has the smallest
MSE’s. For Gaussian variables the Bayesian GMM approach has smallest MSE’s
under small values of n (50, 100 and 200) with the correct value of kK = 2. When
n is large, GMM with second stage estimation outperforms alternatives with £ = 2.
For Poisson variables, the Bayesian GMM approach consistently has smallest MSE’s

under different values of n when k = 2.
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FIGURE 4.7: The trajectories of the log likelihood functions L®(®) for mixed data
type simulation with n = 1,000 under different values of k.
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FIGURE 4.8: The trajectories of ng)(q), I) defined in Chapter 3 equation (3.14) for

the mixed data type simulation with n = 1,000 under different values of k. The last
2,000 iterations are plotted in the zoomed panel.
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We further plot the log likelihood of L) (®) (Figure 4.7), the objective function
Q) (®) (Figure 4.8) and trajectories of mean parameters for categorical, Gaussian
and Poisson variables (Figure 4.9, 4.10 and 4.11). With & = 1, the Markov chain
mixes poorly. The objective function also diverges after a number of iterations. With
other values of k, the Markov chains mix well. The values of objective function de-
crease greatly after a few iterations and then they stay stable. The smallest values of
the objective function are achieved under the correct value of k = 2. The trajectories
of the three types of variables also indicate good mixing when k£ > 1. With k& = 2,

the values of mean parameter converge to the true values.
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FIGURE 4.9: The trajectories of posterior draws of one component parameter ¢,
for a categorical variable under different values of k are plotted. Results shown are
using likelihood L (®) with n = 1,000. Different coordinates in ¢, are shown by
different colors. True values are plotted as dotted lines.

4.4.2 Joint orthogonal diagonalization

To test the performance of our MCMC sampler on other manifolds, we diverge from
MELD framework for a while and consider a problem of joint diagonalization of mul-

tiple matrices (Zhong and Girolami, 2012). This problem requires drawing samples
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FIGURE 4.10: The trajectories of posterior draws of mean parameter ¢;, under
different values of k for a Gaussian variable are plotted. Results shown are using
likelihood L) (®) with n = 1,000. Different components of the mean parameter are
shown by different colors. True values are plotted as dotted lines.
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FIGURE 4.11: The trajectories of posterior draws of mean parameter ¢;, under
different values of k for a Poisson variable are plotted. Results shown are using
likelihood L®(®) with n = 1,000. Different components of the mean parameter are
shown by different colors. True values are plotted as dotted lines.
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from the Stiefel manifold V(p, k). Let MM ... M) ¢ RP*P be m matrices that

we want to perform joint diagonalization. We write following probabilistic model

MY =UAYUT + EY, forv=1,...,m, (4.25)

where U € V(p, k), A®) = diag(A\", -+ | /\,(:)) is a diagonal matrix and the entries of
E® follows independent Gaussian distribution N(0, 02). This model assumes the m
matrices are noisy version of underlying m symmetric matrices with the same set of

eigenvectors. The likelihood can be shown to proportional to following term

m

—p? 1 v v
[Tio2y 2 exp ( = s IM© - UAWUT ).

v=1
This problem has many applications. When those matrices are symmetric sample
covariance matrices under different conditions, this problem is related to the common
principal components analysis studied by Flury (1984). The moment tensor approach
introduced in Chapter 3 can also be treated as a joint diagonalization problem when
the third order moment tensor is projected to matrices by different random projection
vectors (Anandkumar et al., 2012b).

We define following prior distributions for the likelihood model 4.25. For )\S’)
we assign A"} ~ N(0,0272). The parameter 72 can be viewed as the signal-to-noise
ratio of the hth orthogonal latent factor. For U we assign an improper uniform prior
p(U) oc 1. We further assign hyper-prior distributions for o2 and 77 as

0,2 ~ Ga(as, by), 7'h_2 ~ Ga(a,,b,).

v

With this setup, the posterior distributions for our model parameters can be

written as

e Posterior of /\,(f)

Tg(uZM(U)uh) o1} >

2+ 1 T+l

mﬁ?—>~N(

where M = (M® 4+ (M®)T) /2 and w, is the hth column of U.
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e Posterior of U

m 1 .
p(U|—) Hexp (—Ztr(M( )UA(”)UT))
o

v=1 v

(5
. lzu(ZM)u]

h=1 v=1 v

w—|

Note that his posterior distribution is not a standard BMF distribution in

(4.23) because each u;, has its own coeflicient matrix in the quadratic form.

e Posterior of 7,2

2

k 1
p(0%]-) ~ Ga(ag +5+ %,bg + §|\M(”) ~UAYUT|% +

DN | —
M-

S,
\\_,/

e Posterior of 7, 2

p(Th2|—)~Ga(aT %i ) )

We use the geodesic Riemannian manifold Hamiltonian Monte Carlo sampler in
Algorithm 4.2 to draw posterior samples of U from p(U|—). We have shown the

geodesic flow on V(p, k). To construct the sampler we only need to derive the gradient

of its log density. Let A, = >, M(U)/\S}) /o2, Then the gradient of the log posterior

has the form

0log[p(U|-)]

a[] =:2(11ru1,---,f15uk).

Our method distinguishes from previous joint diagonalization algorithms in that it

allows us to sample U jointly without using conditional Gibbs sampler for u, (Zhong
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and Girolami, 2012), resulting an efficient sampler with fast mixing behavior as shown
in this simulation.

To evaluate the performance of our method, we generate m = 10 matrices with
axis dimension p = 10. We set k = 3 and generate U € V(p, k) as follows. We
first draw p samples from a standard p dimensional Gaussian distribution. Then
we calculate their sample covariance matrix. The first &k eigenvectors of the sample
covariance matrix are used to construct U. The value of Aﬁj’) is draw from N(0, 5?) and
o2 is generated from the uniform distribution on (0,1). Errors are further generated
from N(0,02) for each matrix to form the observed M (). The parameters for the
gamma distributions of o2 and T, Zareset toay, = a, = 1, b, = b, = 0.3. We
apply our method on the simulated data. For the geodesic sampler, the number of
numerical integration steps is set to 10 and the step size is set to € = 0.01. Figure
4.12 shows the results. The trajectory of the log likelihood function demonstrates
the overall good mixing behavior of our sampler. The Markov chain converges to the
high likelihood region after few iterations (Figure 4.12A). The posterior draws of the
first coordinate of U show that the geodesic HMC method is efficient in sampling
from the Stiefel manifold V(10,3). The values of the posterior draws cover the true
values of U well (Figure 4.12B). The trajectories of A also show good mixing
(Figure 4.12C). The values of /\gl) and /\gl) are shrunk to zero compared with their
true values. This can be seen from the posteriors of ¥ and 77 in Figure 4.12D: Both
of 72 and 7 are concentrated on small values, making the variances of /\ﬁ') and )\g)

)

small. In comparison, the value of )\él is not shrunk and the posterior of 77 has

support on large values.
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FiGURE 4.12: Results of running geodesic HMC method for joint orthogonal di-
agonalization simulation. The number of latent orthogonal components £ is set to
3. Panel A: The trajectory of log likelihood. Panel B: Posterior draws of the first
coordinate of U in the three components. Panel C: Posterior draws of the three
diagonal entries in A®). Panel D: Posterior draws of hyperparameter 72 in the three
components.

4.5 Discussion and conclusion

In this chapter we have proposed an efficient Monte Carlo method for distributions
defined on manifolds. This is motivated by the aim of developing a Bayesian GMM
approach for the generalized Dirichlet latent variable model proposed in Chapter 3.
Using Bayesian GMM for MELD avoids specification of weight matrices in the ob-

jectives. Instead the weights are treated as unknown variables and their posteriors
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are computed using MCMC algorithms. In addition, Bayesian model selection meth-
ods can be used to assess the model fitness with different values of k. For example
we might be able to use nonparametric priors such as Dirichlet process prior in the
pseudo-likelihood framework.

The Monte Carlo method proposed in this chapter combines the Hamiltonian
Monte Carlo algorithm with a geodesic integrator. With the new method we are
able to sample from distributions defined on different manifolds, for example the
probability simplex and the Stiefel manifold consisting of orthonormal p x k£ matrices.
We use the method in the posterior computations of the Bayesian GMM for MELD.
Results show the superior performance of our Bayesian GMM compared with original
GMM in simulations with categorical data and mixed data types. Then we use the
algorithm in another problem where multiple matrices are jointly diagonalized. The
problem can be further extended to common principal components analysis and

moment tensor decompositions.
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5

Concluding remarks

5.1 Summary

This dissertation addresses three important problems in modeling large scale multi-
variate data. The first problem is how to combinatorially model covariance structures
among multiple couple observations. The motivation for this research is that many
modern data sets are collected in a coupled manor. For example expression lev-
els for multiple genes could be measured under different conditions. Data of such
kind could be represented by multiple coupled matrices, with each matrix is also
known as a view. Researchers are particular interested in modeling covariance spe-
cific to each view and covariance among combinations of views. We address this
problem by developing a Bayesian group factor analysis model. The model assigns
a shrinkage prior organized into three levels on the loading matrix. The prior in-
duces both element-wise sparsity (variable selection) and column-wise sparsity (view
selection). The combination of both variable selection and view selection is a key
innovation of our new model. Variable selection generates interpretable factors and

view selection allows us to combinatorially model covariance structure among mul-
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tiple data sets. Using Bayesian shrinkage prior to achieve structured sparsity has
many advantages over the frequentist approach of generating sparse solutions using
regularization norms. First the uncertainty of parameter estimates could be assessed
by posterior computation using MCMC algorithms. Second, Bayesian approach al-
lows information to be borrowed through hierarchical parameterizations, generating
adapted shrinkage. Third, Bayesian approach using continuous priors generates a
continuous shrinkage across the real line. This continuous solution allows the priors
to have more customizable behaviors both around zero and at tails far away from
zero. Those advantages have been demonstrated by comparing our new model with
other models in simulation studies. We use our new model to real world applications
including multivariate response prediction, condition specific gene co-expression net-
work construction and document data analysis.

The second problem this dissertation aims to address is how to develop effi-
cient statistical models and fast parameter estimation methods to model mixed data
types. This is motivated by many real world applications. For example in genetics
researchers are particularly interested in analyzing the association between genotypes
and heterogeneous traits of varying data types. We develop a new mixed membership
model named generalized latent Dirichlet model for this task. The model assumes
each variable of a observed multivariate vector follows a mixture of k£ components
with distribution particularly specified for that variable. The mixture weights are
shared by all variables in the observed multivariate vector. The new model reduces
to several well known models as special cases when the distributions of variables are
specified. For this new model we develop a generalized method of moment (GMM)
approach for parameter estimation. Our GMM approach does not require the instan-
tiation of latent variables, therefore it avoids the needs to alternatively update latent
variables and population parameters, which could not be avoided using other estima-

tion methods such as EM and MCMC. In addition our GMM approach only requires
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the correct specification of first moments of component distributions. Our approach
is orders of magnitude faster than alternative methods, and at the same time it
achieves higher estimation accuracy in the existence of outliers. We demonstrate
our new approach in several real world applications including promoter sequence
analysis, political-economic risk analysis and eQTL study.

The last problem this dissertation tries to solve is how to draw samples from
distributions defined on different manifolds. Many high dimensional statistical ap-
plications require drawing samples from a manifold. Such applications include prob-
abilistic singular value decomposition and orthogonal factor analysis. In addition,
drawing samples from a sphere is required when we embed the GMM approach devel-
oped in Chapter 3 in a Bayesian framework. To this end we develop a Monte Carlo
method that combines Hamiltonian Monte Carlo (HMC) algorithm with a geodesic
integrator. The HMC component allows distant moves in the parameter space to be
accepted and the geodesic integrator component restricts the moves to the parameter
manifold. We apply the method in two cases: a matrix joint orthogonal diagonal-
ization problem and the posterior computation of the Bayesian GMM method for

Chapter 3.
5.2 Future directions

There are many potential extensions of previous chapters. Some of the extensions

are described below.
5.2.1 Chapter 2

The group factor model BASS can be viewed as achieving structured variable selec-
tion at both variable level and view level. This concept is related to the structured
variable selection which has been investigated recently either using penalization with

structured norms (Jenatton et al., 2011) or developing Bayesian approaches using
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graphical priors (Li and Zhang, 2010). This new research direction is motivated by
the fact that high dimensional observations are often represented in a structured
way. For example in a genome-wide association study, nearby genetic variants are
often highly correlated due to linkage disequilibrium. In a functional MRI study,
observed images are spatially correlated due to the structures of the brain. In a
gene expression analysis, products of genes can be annotated to form a structured
ontology that is represented by a directed graph. Given these highly structured data,
it is interesting to ask whether variable selection could leverage those information to
generate better results. An interesting extension of BASS could be to organize the p
variables into a tree and to perform variable selections at different levels/branches of
the tree. For example, when we analyze gene expression data, genes could be orga-
nized into a tree structure according to the functional annotations of their products.
We could develop new efficient structured variable selection methods that could scale

to massive data sets current available.
5.2.2 Chapter 3

The original coordinate descent algorithm developed in MELD scales with O(p?).
This complexity hinders its application when p is large. A direct extension of the al-
gorithm is to use stochastic gradient methods by calculating an approximate gradient
in each step when we perform parameter updates.

Another extension of Chapter 3 is that the GMM approach developed in MELD
could be extended to allow variables taking network type data. Community or mod-
ular structure detection in network data has become increasingly important in recent
years. Such network modules correspond to functional units in a network (Newman,
2012). For example in a protein-protein interaction network, highly connected pro-
teins in a module indicate they might have similar functions. Most recently the mixed

membership stochastic block (MMSB) model is proposed (Airoldi et al., 2008). This
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new model extends previous stochastic block model which assumes each node in a
network to belong to a single latent module. Instead, MMSB allows each node to
partially belong to different modules, reflecting the fact that in real world applica-
tions a node often has multiple roles. For example a protein might exert distinct
functions by forming different protein complexes with different partners. Based on
MMSB model, a fast parameter estimation method using moment tensor decompo-
sition has been proposed for MMSB model (Anandkumar et al., 2014a). It might be
possible to extend our GMM framework to include network data types by adapting
the network moment tensor approach developed by Anandkumar et al. (2014a). An
direct implication of this extension is that it allows us to combine network data with
additional node information to better detect modular structure among nodes. Such
node information could be a feature vector for every node. For example, the expres-
sion values of proteins could be measured under different conditions in addition to

their interaction network.
5.2.3 Chapter 4

First, the Bayesian GMM framework could be extended by assigning nonparametric
priors to the component mean parameters. Assigning a nonparametric prior such as
the Dirichlet process prior to the component mean parameters could allow the compo-
nent number to be estimated from data. Second, the joint orthogonal diagonalization
problem could be extended to the multi-view problem where each view represents
measurements of a same set of variables under different conditions, which is related
to the pooled covariance estimation problem studied by Hoff (2009a). Moreover the
joint orthogonal diagonalization problem could be used to perform third order mo-
ment tensor decomposition: by projecting the third order moment tensor to matrices
using different random projection vectors, the decomposition problem can be written

as a joint orthogonal diagonalization problem (Anandkumar et al., 2012b).
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Appendix A

Appendix for a scalable Bayesian group factor
analysis model

A.1 Markov chain Monte Carlo (MCMC) algorithm for posterior in-
ference of BASS

We derive an MCMC algorithm with Gibbs sampling steps for our Bayesian group

factor analysis model in Chapter 2. Write the joint distribution of the full model as
pY, X ANO A DT 1~y Z %
= p(Y|A, X, 3)p(X)
x p(A|©@)p(B[A, Z, @)p(A|®)p(@|T)p(T|n)p(nly)

x p(E)p(Z|m)p(r),

where © = {6}, A = {01}, @ = {9}}, T = {7}, m = {(n} and y = {1} are
the collections of the prior parameters in equation (2.14)

Update latent factors

x;|— ~ Ny ((ATE‘lA + I)7IATS  y, (ATS A+ I)—1>,
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Update the jth row of the loading

AT]= ~ Ny, ((U;QXXT +D; Y 0’ Xyl (0, X XT + D;l)—l),

where

) (vj) s (vj) s (v5) _ v (vg) _
D;* = diag((@é?b“zl T B0 (g e () )>

and v; represents the view jth row belongs to.
Update 9](.2), (5%) and (béw with z}(bv) =1
051 1= ~ GIG(0,207), (AG))?),
5 |- ~ Ga(L,;” +6}),
(v) 7 50) L ()
¢hv |_ ~ Ga(l/va + 1/2’ Z 531}; + 7_hv )7
j=1

where GIG is the generalized inverse Gaussian distribution.

Update ¢\" with z{"”) = 0

Pov
&= ~ GIG(1/2 — pu/2, 27, Y (A)2).
j=1

Update the rest parameters in the loading prior
Tf(bv)|_ -~ Ga(l, ](1”) + ,)7(1))>7
k
V= ~ Ga(1/2k +1/2,9 + Y 7).

h=1

7=~ Ga(1,7" + 1),
k k
7= ~ Be(1 + Z Z,(f), 1+k— Z Z}(LU)).
h=1 h=1

The full conditional of z}(lv) is

Pov
Pr(z” = 1|=)oer® [ [N 0,65))Ga(6); a, 65 Ga (53} b, 61,
j=1
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Pv
Pr(z” = 0]=)oc(1 — 7)) T[N 0,017,
j=1

We further integrate out 5;2) in Pr(z\" = 1]-)

po
Pr(z;;)) — 1|—)ocx® 1_[ JN(A§Z)5 0, Hﬁz))Ga(Qﬁ); a, 5](71))@&(5](2); b, (bgv))déj(.z)
j=1

. ())-1/2(g(v)
ZW(”)ﬁN(A(Z);M(Z)) L) ) 60"
LI B T 2) (00 1 )

Update 0]72

0;2|— ~ Ga(n/Z + ay, 1/2(y;. — 2. X)(y5. — X X)T + bg>,
A.2  EM updates of loading prior parameters in BASS

We list the parameter updates for loading prior parameters in developed in Chapter

2 equation (2.14) below

o 2034 V(20— 3)2 + 80260
o 46
Jh

Y

(v) a+b

ih T ) . L (u)?
’ 9§h) +¢;(1)

() p’—1+\/(p'—1)2+a’b’
h = a/

, with

P = ppb— (1= p)py/2 + ¢,

Pv Pov

a' = 2p” 305 + )b = (1= pi7) D)
j=1 J=1
~(v) c+d
Elv) + n(v)’
(v dk + e
77( ) —

v)’

%
YO+ Tf(L
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A(v) _ e+ f
nW + v’

k (v)
A) 2he1 Ph
k/' )
2 o — 1
52 n/2+a

T 1/2(yy — AL X)) (g — MLXO)T + b,

A.3 Parameter expanded EM (PX-EM) algorithm for MAP estimate

We introduce a positive semidefinite matrix A in our original BASS model defined

in Chapter 2 to obtain a parameter expanded version
Y, = AAZl.’BZ + €;,
&L ~ Nk(oa A>7

€; ~ Nk(O, 2)

Here Ay is the lower triangular part of Cholesky decomposition of A. Marginally
the covariance matrix is still € = AAT + 3 and this additional parameter keeps
the likelihood invariant. This new additional parameter reduces the coupling effects
between the updates of loading matrix and latent factors (Liu et al., 1998; van Dyk
and Meng, 2001) and serves to connect different posterior modes with equal likelihood
curves indexed by A (Rockova and George, 2015).

Let A* = AA;' and E* = {A*,0, A, ®,T,n,v,m, X}. Then the parameters of
our expanded model are {E* U A}. We assign our structured prior on A*. Therefore
the updates of E* are unchanged given the estimates of first and second moments
of X. The estimates of (X ) and (X X7T) can still be caculated using corresponding
equations in Appendix A.2 after mapping back te loading matrix to the original
model by A = A*A;. The rest is to find the estimate of A.

Write the @ function in the expanded model as

Q(E*7 A|E(S)) = EX,Z‘E@),Y,A(Q) log (p(E'*7 A? X? Z‘Y)) :
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With A, initialized to I}, the only term involving A is p(X'). Therefore the A that

maximizes the function can be solved as

1
A1) = argmax,Q(E", A|E(,)) = argmaxy (const - glog |A| — §tr(A_1SXX)).

The solution is simply A1) = +8*¥.

The EM algorithm in this expanded parameter space generates a sequence {Z* (1)U
Ay, B*2) U A(g),---}. This sequence corresponds to a sequence of parameter es-
timations in original space {E),E (), -} with A in the original space equals to

A*A; (Rockova and George, 2015).
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Appendix B

Appendix for fast moment estimation for
generalized latent Dirichlet models

B.1 Proof of Theorem 3.1

Proof. We start with the case where y;; is a categorical data with d; different levels.

The latent probability vector @; = (2;1,- -+ ,z%)’ € AF"! defines the mixture pro-
portion of individual i. We assume x; ~ Dir(ay, -+, a;). Define oy = >}, oy, and
a=(ap, -, ap)T.

We use the standard basis for encoding. We encode y;; = ¢; as b;; € R% a binary
(0/1) vector with the ¢;th coordinate being 1 and all others being 0. Similarly, we
encode the membership variable m;; as a k dimensional binary vector m;; € R
Consider the first moment of b;;.

p; = E(bi;) = E[E(b;j|mi;)] = E(®;mi;) = E[E(®;m;|e)] = E(®;z;) = (I)jago’

where ®; = (¢j1,- - Pji).

We consider second order moment conditions. There are four types of second
moments: same variable same subject (type SS), same variable cross subject (type
SC), cross variable same subject (type CS), and cross variable cross subject (type
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CC). Of the four types, only the CS type is needed to prove the theorem. The CS

type second moment for b;; and b; (j # t) can be written as

E(blj o] bzt) = @]E(m” o mzt)CPtT = (I’]]E(CUZ o CCZ)‘I)?

For a Dirichlet distributed variable,
E(x; o ;) = cov(x;) + E(x;) o E(x;)

1 . (7))
= — diaglax) + ————aoa.
oo(oo 7 D asle) + Ty

Then we have
]E(blj o bzt) = @ﬂE(ml o .’Bl)QtT

k
1
RS D a0 dun +
h=1

Qo
ag+ 1

SO Ly B.1
ao(ao + K O M ( )

We next consider third order moment conditions. There are eight different types of
third order moments for b;;. Only the moments with different variables for the same
subject are needed to prove the theorem.

We consider the third cross moment for b;;, b;; and b;; with j # t # s for the

same subject. First we calculate E(m;; o my; o my;).
E(mw oMmM,;s © mit) = E[E(m” oMm,;s © mzt|wz)]
= E(ml oxX; o 111)

1
ao(Oé() + 1)(@0 + 2) ((

aoaoa)+2ah(ehoehoa)
h=1

k
ap(epoaoey) + Z ap(aoepoep)
1 h=1

k
+

>

+ 2

k
h=

ap(epoep o eh)> .
1

146



Here e, is standard basis vector of length k with Ath coordinate being one. The

third order moment tensor of b;; o b;s o b;; can be derived as
E(bm o} bis ¢ bzt) = E(mw oM;s © mit) X {‘i], (I)s, (Pt}

1

BT e—y ((‘I’jo‘) (i (@) + 2, ol b0 (Bt

k
+ > apl@jn o (Psax) o Py + Z [(®jcx) © s © Py ]

1 h=1

Mw

h
k
+2 2 ap@jn © Ggp © ¢th>
h=1

1

3
= Qo; O g ©
Oé()(Oé() + 1)(0&0 + 2) ( oktj o 1 i

+ a(ag + 1)E(b; 0 bis 0 pay) — agpe; © fhs © phy
+ ag(ao + 1)E(p; 0 big 0 by) — apgpa; © s © g

+ ag(aog + 1)E(bij o s © by) — agpa; © s © g

k
+2 Z ap@jn © Pgp, © ¢th> - (B.2)
h=1

The theorem follows Equations (B.1) and (B.2) with u; = E(b;;) plugged in. For
non-categorical data, we let b;; = y;; and ¢, is a scalar mean parameter for y;;.

Equations B.1 and B.2 still hold. ]
B.2 Proof of Theorem 3.2

Proof. For notation simplicity we suppress AY in Qﬁ;)(qx AS;)) and A0 in Q(()')(q); AL).
Lemma 3.1 implies lim,,_,, Pr[\@,(;)(ZI\)(‘))—Qg)((I\)('))\ < ¢/3] = 1 and lim,,_,, Pr[\@,@(@o)—

Qg‘)(@0)| < ¢/3] =1 for e > 0. This result also implies

lim Pr[QY) (@) < QU(0) + ¢/3] = 1. (B.3)

n—0o0
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lim Pr[QU) (@) < QF)(®0) + ¢/3] = 1. (B.4)

n—o0

On the other hand, ®) minimizes Qg;)(fﬁ), therefore

lim Pr[QV(®V) < QU)(®y) + ¢/3] = 1. (B.5)

n—a0

Equations B.3 and B.5 imply
lim Pr[Q}) (@) < QU(®,) + 2¢/3] = 1.
n—00

Together with Equation (B.4), we get

lim Pr[Q{) (@) < Q\)(®,) + €] = 1.

n—o0

Therefore

lim Pr[0 < QV(@V) < ¢] =1 (B.6)

n—0o0

follows with Q(()')(@o) = 0 and Q((]')(&)(')) > 0. Next, we choose a neighborhood N,
which contains ®; in ©®. Due to the compactness of ® the neighborhood N is also
compact. The continuousness of Q((]')(q)) implies the existence of inf g ye Q(()') (®) and
it is positive. Let € = infge e Q(()')(<I>), then we get

lim Pr[0 < Q\(®") < inf QU (®)] =1. (B.7)

n—o0 PecNC

Therefore lim,_,. Pr(® ¢ NC) = 1, which suggests lim,_ ., Pr(®") € N) = 1.
Shrinking the neighborhood size of N we get
lim Pr(CiD(') =®)) = 1.

n—ao0

B.3 Proof of Theorem 3.3

Proof. We approximate f,g')(f/I;(')) using first order Taylor expansion

FO@Y) = f1(Bg) + GY (B)[vec(®V) — vec(B)] + Of[vec(®V) — vec(®)]?}

n
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Ignoring the high order term, we left multiply both sides by [Gﬁ;)(@('))]TA,({). Then

we get
[GO@N]"ADFO(@Y) ~ [GL(@)]" A £ ()

n

O(@NTAVGY (B [vec(D)) — vec(®)].

n

+ |G

The fact that estimator @) minimizes Qf{)(@, Ag;)) implies the left hand side equals

to zero. Therefore we get

n"?[vec(@V) — vee(®9)] ~ —{[G(@V)]"ATG) (o)} 1[G (D)) AR £ (®o).
The theorem follows with n'/2f%) (®,) & N(0, §)) and Assumptions 3.1 and 3.2. [

B.4 Derivatives of moment functions
Second moment matriz

The second moment matrix Fj(f) (y;, ®) in the main paper may be written as b;; o

by, — ®,E(x; o x;)®]. The derivatives of F}(tz) (y;, @) with respect to ®; and ®, can

be written as

ovec[FY (y, )] o{[®E(x; 0 ;)] @ I, vec(®;)

dvec(®;) B ovec(®,)

= —[®E(x; o x;)| ® Iy,

ovec[F) (y;, ®)] Vel ®E (i o a;) B

ovec(®;) B ovec(®y)

H{[P®,E(x; o ;)] ® Iy, vec(Py)}

=T ovec(®y)

= —T{[®E(z; o z,)| ® I},

where ® indicates a Kronecker product and T is a d;k x dik 0/1 matrix that satisfies
vec[®,E(x; o z;)®] | = Tvec[®,E(x; o wz)@?]

Therefore E[0f® (y;, ®)/0®] is a block matrix with block of —®!E(x; o x;) ® I,
on columns corresponding to vec(®;) and rows corresponding to vec[Fj(t2 Ny, ®)].
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Third moment tensor

We next consider the third moment tensor. Write F}(ft) (yi, ®) as bjjob;;0b;; —E(x; 0

x;ox;) X1 B; xo B, x3 ®;. Then only the second term involves P.

The derivatives of Fj(ft)(yi, ®) with respect to ®; can be written as

aveC[F}(i)(yia )] _5V€C{[E(mz‘ ox; 0 x;) X1 Bj xo By X3 ‘I’t](l)}

ovec(®;) B ovec(®;)

B ovec{[®;E(x; o x; 0 ;) (1) (P, ® Py)T}
ovec(®;)

= — (P, @ ®,)vec[E(z; o z; 0 ;) (1y]” ® Iy,

where subscript (1) indicates model-1 unfolding of a three way tensor.
The derivatives of Fj(ft) (y;, ®) with respect to ®; and ®, can be calculated ac-

cordingly by introducing 0/1 transformation matrices T(z)1) and Tisy) both with

size djdsd; x d;dd; that satisfy
vec{ [F\2) (yi, )]y} = Tooyyvec{[F2) (yi, @)] 2}

= T(s)(1)VeC{[F}(§’t)(yu D)]3)}-

Then
é’vec[Fj(i)(yi, D)] B ovec{[E(x; o x; 0 ;) X1 B; xo By x3 (I)t](Q)}
ovec(®y) - e ovec(®y)
ovec{[®E(z; o x; o x;)(2) (P @ B;)"}
= T
ovec(P;)
= T {(P: @ ®))[E(zi o wi 0o xi)0)]" @ 1.},
ovec[FS) (y;, ®)] _ 7 Ovec{[E(x; o ;0 ;) x1 B, X B, x5 D] (5)}
ovec(®y) - Teom ovec(®;)

_ ovec{[®E(x; o x; 0 ;) (3)(Ps @ P;)T}
AR ovec(®y)

= T 1) {(Ps @ B))[E(w; 0 w5 0 ) 3)]” ® Iy, }-
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The conditions 1), 3) and 4) in Assumption 2 in main text follow after we calcu-

lating the derivatives of moment functions.

B.5 Derivation of Newton-Raphson update

We denote
EY), = F7(®) + $,A® 9],
Er(tga)st = Fé?st(q)) + A ) B Xy B, x5 Py

Then the two objective functions can be written as

p—1 p
QP@,I)=> Y |EY, - o;AP®]|3,
j=lt=j+1
- p
Q¥(®, 1) Z SR JNE Al

t=j+

p—2 p—1 p
+ Z Z Z E7(13])5t A(3) X1 <I>] X9 (bs X3 @tH%’

j=1s=j+1t=s+1

We first consider Q@ (@, I). The terms involve ¢, are

2 l - 2)‘22) (Eg’tfﬁm)T‘ﬁjh + (>‘§z2)>2(¢g;z¢th)¢?h¢jh ;

t=1,t#]

where Ef) = ET(LZJ)t D hish )\22/)¢jh/ o ¢y and )\22) is the hth diagonal element of
A®. Here we use the fact that ||E), — ®,AQ 87|12 = ||EY), — ,AP&T||%. By

letting

p
—(2
£ =222 N (EY o).

t=1,t£]

7( ) = (2) Z ¢th¢th7

t=1,t#j
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the gradient VQ®(¢;;) and Hessian V2Q?(¢;;) can be written as
VQ(2 (¢jh7 I)= 5(2) + 7(2)¢jh7

V2QO (¢ I) = 21
The update rule in (3.18) can be derived accordingly.

Then we consider Q©)(®, I'). The terms involve ¢, are

3 [— A B ) b+ A <¢£¢m>¢fh¢jh]
t=1,1#]

p p
+ 2 [ 2By <3>¢jho¢sho¢m>+|\A23)¢jho¢sho¢my|?]’
s=1,s#7 t=1,t#s,t#7j

@ _

where En - E1(12])t Zh’;éh )\h’ ¢Jh' © ¢th’ and En st Enjst Zh’;éh )\h’ (th/ ©

G © Puw. Again we use the symmetric property of ||[E%) o — ®,AP®](|7 and the

super-symmetric property of HE — A® x| ®; xy P, x3 P;||2. By organizing the

n,jst

terms, we get

> [~ 2P0+ OF (00800
t=1,t#]
FY N | 2B s d ks g0 O+ P00 000 S50 |
s=1,s#j t=1,t#s,t#j
We let
5(3):—2)\22) Z (E gtcbth) 2)\23) Z l 2 (E(f’}stwash X3¢th)];
t=1,t#j s=1,s#5 Lt=1,t#s,t#]

Y= D) bl + W) )] [ 2, (95 ¢sh><¢th¢th)]

t=1,t#] s=1,s#j Dt=Lt#st#]

and then the gradient VQ® (¢, I) and Hessian VZQ®) (¢, I) can be written as
VO by, ) = €% + 29V,

V2QO (¢, T) = 2991
The update rule in (3.19) follows directly.
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B.6 Optimal weight matrices

B.6.1 Derwation of weight matrix for moment vector using second moment matrices

We encode the observations y;; as b;; with Fj(tz) (y;, ®) defined as

&%)

ag+ 1

&%)

=b;; 0by —
J o i ag+ 1

In addition, E[F (y;, ®)] = 0.
Estimation of the parameters ® requires the calculation of ft; and fi; and then

plugging these values into the equation for F}(tz) (y;, ®). The expectations of the

moment functions are then calculated by sample averages, denoted as Fé?t(@) The
first stage of estimation involves the minimization of a quadratic function defined as

the Frobenius norm of F\* (P)

n,jt
- p

Q(2.1) = Z Z (@)l
J=lt=j+

where we use ft; and fi; in the above computation rather than considering p; and

p; as unknown parameters. Minimizing the above functional provides an estimate

A~

P.
Given the estimate ® we re-compute t; and fi; based on the first moment equa-

tions. We define following moment vector and its estimated expectation

T
£ (y, ®) = (vec[Ff? (9 ®)]7,... ,vec[F\2) (yi, '1>)]T) ,

£2(@ Z £y, @

We then compute a variance-covariance matrix of n/2f\(®) to compute an

optimal weight matrix. The covariance matrix is composed by the matrix blocks of
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the variance-covariance of n/2vec[F%,(®)] and n!/2vec[F\(®)] for every possible

n,jt
7 < t and s < u combinations in nl/QfTSQ)@). We denote such a block as ;;3,.
Equation (B.8) illustrates the covariance matrix. In the following, we are going
to compute the covariance matrix by dividing the matrix into four parts: diagonal

elements, off diagonal elements in ;;3;;, elements in ;; 3, with one matching variable

(three possible cases j = sort = sort = u) and elements in ;; 3, with (j,t) # (s, u).

index Vec[FT(fiz(%)] Vec[FT(ﬂS(é)] vec[FfiP(cb)] vec[Fff%g(é)] vec[FT(f()pflyp)(cb)]
VeC[F,(fig(‘P)] 12¥12 12¥13 e 1231p 12323 e 123p—1,p
VeC[Ffip(‘P)] 1p212 1p213 e 1pX1p 1p 223 o 1pXp—1,p
vec[F), ()] 23X12 23X13 - 23X1p 23%23 o 23%p—1,p
VeC[FT(Lz,()pfl,p)(q’)] p—1,p212 p—1,p213 e p—1,p21p p—1,p223 e p—1,pXp—L,p
(B.8)

Part one, diagonal elements. The variance of the (c¢j, ;) element of nl/zFfj)t(@) for

¢, =1,....dj, ¢ =1,...,d;, 3 =1,...,p—1and t = j+ 1,...,p composes the

diagonal elements of the covariance matrix. Its value can be calculated as
Var <n1/2Fnajt(¢)ijct) = Var((bij o bz‘t)cm) = E([(bz’j o bz‘t)cj-,ct]2) — E° ((bz‘j o bz‘t)cj,ct)

We have already derived the second term. The first term is computed as follows:

E([(bij ° bit)Cj,ct]2> = E(( ;‘chmij)Q(qth.ctmit)Q)

E <¢JTCJ <mij © mij)¢j'0j ¢tT-cz (mit © mz‘t)¢t-ct>

E( ;f.cj[diag(m»]cm.cj«pz;[diag(w»]cm.a)

E ( Z Z gb?hlcj gbfh%zxihlxim)

hi ha

- ZZ ¢?hlcj¢?h20tE(xihlxih2)' (B9)

h1 h2
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To calculate E(xz;x, z:,) we use the fact that for a Dirichlet distributed a;
, ['(ap) C(ap + )
E ] = ———— X _ B.10
(H %)= e o L= (210

where I'() is a gamma function and ro = >, 7.

Part two, off diagonal elements in j;%;. We next consider the covariance between

ni2p®@

n,jt

(®)c,, and n'/2F®?

n,jt

(®)g,.g. forc; =1,...,dyjand ¢, = 1,...,d; with (¢, ¢;) #
(g5, g1). Elements of this kind constitute the off diagonal elements in the block of
jt2jt-

The computation requires the calculation of E[(b;j o by)e, ¢, (bij © bit)g, 4:]

E ((bz’j 0 bit)e; e (bij 0 bit)gj,gt) = E( oo, (Mg 0 M) by b7, (T4 © mz‘t)¢t-gt)

E <¢jT.cj [diag(:)]¢).q, Brc, [diag(ffi)]@-gt)

E < 2 Z Pihic; Ding; Phac, Pihag, Timy $¢h2>

h1 ho

Z Z ¢jh10j ¢jh19g‘ ¢th20t ¢th29tE($ih1 xihz)' (B 11)
hy

ho

Part three, elements in X, with one matching variable. We next calculate the ele-
ments in ;; 3, with one matching variable, the case either j = sort=sort=u .

The calculation of E[(b;; 0 bit); ¢, (bis © biu)g,.q,] i required
E <(bij 0 bit)e; e (bis © bz‘u)gs,gu) =K <(¢fcjmij)(¢tT.ctmz't)(¢zgsmz‘s)(¢§gumm))-

Without loss of generality, consider the case where j = s and t # u

E ((bz‘j 0 bit)e; e (bis 0 bz‘u)gs,gu) =E (%ch [diag(a;)]d;.q, @, [ © mz‘]¢u~gu)

=E ( Z Z Z Pihrc; Dinng; Phac, Puhsg, Tin SCihQCIJihg)

h1 h2 hs3

155



= Z Z Z quhlcj ¢jh1g]‘ ¢thzct¢uhgguE(xih1 xihgxihgg)' (B12)

h1 ha h3

Other elements in the block can be calculated similarly.

Part four, elements in j;Xg, with (j,t) # (s,u). We finally consider the covariance

between nl/QF,E?t(@)cj@t and nl/QFTE?u(@)g&gu with ¢; = 1,...,dj, ¢ = 1,....,d,,

gs=1,...ds, 9. =1,...,dy for (j,t) # (s,u). The unknown term E[(b;;j0b)., ¢, (bis0

bivu)g. g.] can be written as
(02 )y 0= b, ) = B((6F, ) @ m) (61, ) 6L )

=Y 3D Ginne, Othoc Bshag, Punag, B(Tin, Tiny Tinywary). (B.13)

h1 ho h3 hg

The optimal weight matrix for f,(f)(@) is computed by combining the four parts
in (B.9), (B.11), (B.12) and (B.13) and the first moment conditions derived in the
main text. The size of the weight matrix is of the order O(p*d?) and it is dense with
full rank. Inverting this matrix is computationally intensive so in practice we invert

the diagonal of the matrix to provide a near optimal weight in the second stage of

optimization.

B.6.2 Deriwation of weight matriz for moment vector using both second moment
matrices and third moment tensors

In this section we derive the weight matrix for fT(LS)(q)). Define F}(ft) (y;, ®) as

F'(3)(’!Ji, ®) =b;;0b;;0b;

Jst

o

oo+ 2 (bij o b;s 0 E(by) + E(bij) 0 bjs 0 by + b;j o E(bys) o bit)

203
4
(OéQ + 1)(0&0 + 2)

E(b”) O E(bzs) o E(bzt) — A(g) X1 CI’J X9 (I)S X3 @t,

with E[F®) (y;, ®)] = 0.

st
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The optimal weight matrix for ,(13)(@) can be derived following a similar way

as the weight matrix derivation for fy(f) (®). However the size of the matrix scales
as O(p3d®) which is prohibitive. For this reason we consider a near optimal weight

matrix by only considering the diagonal elements of the matrix. We now derive the

variance (diagonal) elements of n'/2F)_(®). In the computations we will use fi; for

n,jst
E(b;;). Computing the initial estimator ® involves minimizing Q£L3)(<I>, AS’)) with
AP =1
We define the first two terms in Fj(jt) (y;, @) as F](j’t)(yi, D)

&%)

ﬁ}(sst) (yi, ®) = by 0 b 0 by — 9 <bij obisopy + pjobi;0by + byjopgo bit)-

Oéo"i‘

The variance of nY/ 2F,E3])St

Var (' E @) = Vor (B0 @)

(®)c;e.c, can be written as

=E <[F( )(yz7 (I))cj-csq]2> —E? (F](st)(yz» q))Cjc50t> :

The expectation of FO

st (yi, ®).,c,c; has been derived in the main text. We only need

to consider the first term on the right hand side of the equation. After some algebra

we get
7 (3) 2
E([F}St (y“ CJCsCt ZZZ ¢]h1€] 3h205¢th30t (mihlx’ihzxihg)
h1 ha hs
QOéOMtc
“C0 ey
Z Z Z gbjhlcj shacs Dihge B (thl Lihsy xlh3)
ag + 2
hi ha hs
2040,usc
s 2
Z Z 2 (bjhlc] (bShzcs ¢th30t ('T'th xzh2x2h3)
Qg + 2
hi1 ho hs
2040#
JC]
Z Z Z ¢]h10] ShQCS ¢th3ct (xlhlajth x’th[;)
Qg + 2
h1 ha hs

Oéo/ijc Hsc
— ZZZ ¢]hlc] ¢shgcs¢th35t (xzh1$zh2$zh3)

Oéo+2 Iy ha B
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a [ it
0 —07g¢i e
222 Jhic; shzcs¢th30t (Tiny Tiny Ting)

a0+2 h1 h2 hs

a Mscg bt
T ZZZ ¢Jh1c; ¢shzcs¢th30t (xlhlmlh?xlhf“)

040—1-2 hi1 hz hs

b 9%

OZ +2 n Jhic; ShZCs
2

aOMscs

Lihy sz'hg)

+ (Oé + 2 2 Zngjhwjgbthgct (xzh1$zh2)

hi ho

o/ijc]

+ (a + 2 2 ZZ ¢Shlcs¢th20t (thl‘rl}m)

hi ha

Together with E[F( )(y“ D)cscoei

jst
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Table B.6: Quantitative trait association simulation with 50 nucleotides and one
Gaussian trait. For MELD the averaged Kullback-Leibler (KL) distance between
estimated component distributions and marginal frequency for each nucleotide are
calculated. The first eight nucleotides with largest averaged KL distance are selected.
For the Bayesian copula factor model, partial correlation coefficients are calculated.
Nucleotides with 95% credible interval of the partial correlation excluding zero are se-
lected. Nucleotides not in J = {2,4,12,14, 32,34, 42 44} are labeled by an underline
and missing nucleotides are crossed out.

Contamination Data set | MELD Q(2)(<I>) 1st stage Bayesian copula factor model
1 {2,4,12,14, 32, 34, 42,44} {2,4,12,14, 37, 33, 34, 35, 42, 44}
2 {2,4,12, 14, 32, 34, 42, 44} (2,4,12, 14, 18,27, 37, 34, 42, 44}
3 {2,4,12, 14, 32, 34, 42, 44} {2,4,12,14,22,27, 37,34, 35,42, 44, 45}
4 {2,4,12, 14, 32, 34, 42, 44} {2,4,12,14, 31, 37, 34, 42, 44}
0% 5 {2,4,12, 14, 32, 34, 42, 44} {2,4,12,14,31, 37,34, 42, 44}
6 (2,4,12, 14,32, 34, 42, 44} (2,4,12, 14, 37, 34, 42, 44}
7 {2,4,12, 14, 32, 34, 42, 44} (2,4,12, 14, 37, 34, 42, 44}
8 {2,4,12,14, 32, 34, 42,44} {2,3,4,12,14,20, 37, 34,40, 42, 44, 46}
9 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14, 26, 37, 34, 42, 44}
10 {2,4,12,14, 32, 34,42, 44} {2,4,12,14, 37, 34,42, 44, 45}
1 {2,4,12,14, 32, 34, 42,44} {2,4,12,14, 37, 33, 34, 35, 42, 44}
2 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14,18, 27, 37, 34, 42, 44, 45}
3 {2,4,12,14, 32, 34, 42,44} {2,4,12,14,22,27, 37,34, 35,41, 42, 44, 45}
4 {2,4,12, 14, 32, 34, 42, 44} (2,4,12, 14, 32, 33, 34, 42, 44}
1% 5 {2,4,12,14, 32, 34,42, 44} {2,4,12,14,31, 37,34, 42, 44}
6 {2,4,12, 14, 32, 34, 42, 44} (2,4,5,7, 12, 14, 18, 26, 37, 34, 42, 44, 46}
7 {2,4,12, 14, 32, 34, 42, 44} (2,4,12, 14,25, 26, 37, 34, 42, 44)
8 {2,4,12,14, 32, 34, 42,44} {2,4,12,14,19,21, 37, 34,41, 42,43, 44, 46}
9 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14, 26, 37, 34, 42, 44}
10 {2,4,12,14, 32,34, 42,44} {2,3,4,12,14, 37, 34,42, 44, 45}
1 {2,4,12,14, 32, 34, 42,44} {2,3,4,12,14, 37, 34, 35, 39, 42, 44}
2 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14,27, 37,34, 42, 44, 49, 50}
3 {2,4,12,14, 32, 34, 42,44} {2,4,12, 14,22,26, 37,34, 35,42, 44, 45}
4 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14, 17, 32, 33, 34, 42, 44}
10% 5 {2,4,12,14, 32, 34,42, 44} {2,4,12,14,31, 37,34, 42, 44}
6 {2,4,12, 14, 32, 34, 42, 44} {2,4,7,12, 14, 26, 37, 34, 42, 44}
7 {2,4,12, 14, 32, 34, 42, 44} {2,4,12,14, 27, 37, 34, 42, 44}
8 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14, 37, 34, 42, 44, 49}
9 {2,4,12, 14, 32, 34, 42, 44} (2,4,12, 14, 26, 37, 34, 36, 42, 44}
10 {2,4,12,14, 32, 34, 42,44} {2,3,4,12,14, 22,32, 34,42, 44, 45, 50}
1 {2,4,12,14, 32, 34, 42,44} {2,4,12,14,15,16 ,32/ 33,34, 35,40,42,44}
2 {2,4,12, 14, 32, 34, 42, 44} (2,4,9, 11,12, 14, 20, 37, 34, 42, 44}
3 {2,4,12,14,32,34,42,44}  {2,4,6,12, 147E,E,272732/7 34,35,41,42,44, 45,50}
4 {2,4,12, 14, 32, 34, 42, 44} {2,4,12,13, 14, 30, 31, 32, 33, 34, 42, 44}
0% 5 {2,4,12,14, 32, 34,42, 44} {2,4,12,14,15, 18, 37, 34, 42, 44, 49}
6 {2,4,12, 14, 32, 34, 42, 44} {2,4,5,7,12, 14, 18, 37,34, 38,42, 44}
7 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14,15, 16, 3%, 33, 34, 42, 44}
8 (2,4,12,14,32,34,42,44}  {1,2,4,12,14,19,20, 21,25, 37, 33, 34,37, 42, 43, 44}
9 {2,4,12, 14, 32, 34, 42, 44} (2,4,12, 14, 18,31, 37, 34, 36, 39, 42, 44}
10 {2,4,12,14, 32, 34, 42,44} {2,3,4,12,14,19, 37, 34,42, 44, 45}
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Table B.7: Quantitative trait association simulation with 50 nucleotides and one
Poisson trait. For MELD the averaged Kullback-Leibler (KL) distance between esti-
mated component distributions and marginal frequency for each nucleotide are cal-
culated. The first eight nucleotides with largest averaged KL distance are selected.
For the Bayesian copula factor model, partial correlation coefficients are calculated.
Nucleotides with 95% posterior interval of the partial correlation excluding zero are
selected. Nucleotides not in J = {2,4,12, 14,32, 34,42, 44} are labeled by an under-
line and missing nucleotides are crossed out.

Contamination Data set | MELD Q(Q)(d’) 1st stage Bayesian copula factor model
1 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14, 15, 26, 29, 37, 34, 42, 44}
2 {2,4,12, 14,32, 34,42, 44} {2,4,7,12,14, 37, 34, 42, 44}
3 {2,4,12, 14,32, 34,42, 44} {2,4,12, 14,20, 28, 37, 34, 37,42, 44, 45}
4 {2,4,12, 14,32, 34,42, 44} {2,4,12,14,20, 37,34, 37,42, 44}
0% 5 {2,4,12, 14,32, 34,42, 44} {2,4,12,14,27, 37, 34,42, 44}
6 {2,4,12,14, 32,34, 42,44} {2,4,12,14, 37, 34,42, 44}
7 {2,4,12, 14,32, 34,42, 44} {2,4,12,14, 37, 34,42, 44}
8 {2,4,12,14, 32, 34, 42,44} {2,4,10,12,14,18, 37, 33,3442, 44, 46, 49}
9 {2,4,12,14,32, 34,42, 44} {2,3,4,10,12,14,21,25, 37,34, 39,41, 42, 44}
10 {2,4,12,14, 32,34, 42, 44} (2,4,12,14, 37,34, 42, 44, 49}
1 {2,4,12, 14, 32, 34, 42, 44} {2,4,12, 14, 15,26, 29, 37, 33, 34, 42, 44}
2 {2,4,12, 14,32, 34,42, 44} {2,4,12,14, 37, 34,42, 44}
3 {2,4,12, 14,32, 34,42, 44} {2,4,12, 34, 37, 34,37, 42, 44}
4 {2,4,12, 14,32, 34,42, 44} {2,4,12,14,20, 37,34, 37,42, 44}
2% 5 {2,4,12, 14,32, 34,42, 44} {2,4,12,14,27, 37, 34, 42 44}
6 {2,4,12,14, 32,34, 42,44} {2,4,12,14,19, 37, 34,42, 44}
7 {2,4,12, 14,32, 34,42, 44} {2,4,7,12,14, 37,34, 42, 44}
8 {2,4,12,14, 32,34, 42,44} {2,4,10,12,13,14, 18, 37,33, 34, 42, 44, 46}
9 {2,4,12,14,32,34,42,44}  {1,2,3,4,6,10,12,14,21,25, 37, 34,39, 41,42, 44, 45}
10 {2,4,12,14, 32, 34, 42, 44} {2,4,12, 14,23, 37, 34,42, 44, 49}
1 {2,4,12,14, 32, 34, 42, 44} {2,4,12, 14,15, 26, 37, 34,42, 44}
2 {2,4,12, 14,32, 34,42, 44} {2,4,7,12,14, 16, 32, 34, 42, 44}
3 {2,4,12, 14,32, 34,42, 44} {2,4,12, 14,20, 37, 34, 37, 42, 44}
4 {2,4,12, 14,32, 34,42, 44} {2,4,12,14, 37, 33,34, 37,42, 44}
10% 5 {2,4,12, 14,32, 34,42, 44} {2,4,10,12,14, 16,21, 37, 34, 42, 44}
6 {2,4,12,14, 32,34, 42,44} {2,4,6,12,14,22, 37, 34,42, 44, 49}
7 {2,4,12, 14,32, 34,42, 44} {2,4,7,12,14, 37,34, 42, 44}
8 {2,4,12,14, 32,34, 42,44} {2,4,10,12,14, 18, 37, 34,42, 44, 46}
9 {2,4,12, 14,32, 34,42, 44} {2,3,4,6,10,12,14,17, 21, 37, 34,42, 44, 48}
10 {2,4,12,14, 32, 34, 42, 44} {2,4,12, 14,23, 37, 34,42, 44, 49}
1 {2,4,12,14, 32,34, 42,44} {2,4,12,14,15,29, 37, 34,42, 44}
2 {2,4,12, 14,32, 34,42, 44} {2,4,7,12, 14,32, 34, 35,42, 44}
3 {2,4,12, 14,32, 34,42, 44} (2,4,12, 3, 37,34, 37,42, 44}
4 {2,4,12, 14,32, 34,42, 44} {2,4,12, 14,30, 37,33, 34, 37, 42, 44}
5 {2,4,12, 14,32, 34,42, 44} {2,4,12, 14,16, 37,34, 40,42, 44, 47}
20%
6 {2,4,12, 14,32, 34,42, 44} {2 412,14, 37 34,36, 42 44}
7 {2,4,12, 14,32, 34,42, 44} {2,4,12,14,17, 27, 3%, 34,42, 44}
8 {2,4,12,14, 32,34, 42,44} {2,4,10,12,14, 18,23, 37, 34, 40, 42, 44, 46, 49}
9 {2,4,12,14,32, 34,42, 44} {2,3,4,10,12, 14,21, 37, 34,41, 42, 44}
10 {2,4,12,14, 32, 34, 42, 44} {2,4,6,12,14,23, 37, 34,42, 44, 49}
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